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“Iron rusts from disuse; water loses its purity from stagnation... even so does inaction

sap the vigor of the mind.”

Leonardo da Vinci



VESTFOLD UNIVERSITY COLLEGE

Abstract

Faculty of Technology and Maritime Sciences

Department of Micro and Nano Systems Technology

Master of Engineering

A study on RF MEMS switches using CuO dielectric

by Bao Dang Ho

This thesis is a continual work in the topic of RF MEMS switches which has been

developed before at the Department of Micro and Nano System Technology. The work

focuses on finding a high-k yet low-cost and easy to fabricate dielectric material for

capacitive RF MEMS switch. It also studies on analysis and simulation of capacitive

RF MEMS shunt switches to help design and optimize their dimensions so as to fit a

specific application.

In experimental part, the thesis choose CuO to study and has found that it has a low

dielectric strength of 0.2 MV/cm. When annealing CuO, dendrite structures emerging

above the oxide surface have been observed and explained. In theoretical part, analysis

and simulation of RF MEMS switches have been performed in both electromechanics

and electromagnetism. It is found that besides bending, stretching effect and especially,

residual stress have strong effect on mechanical behavior of the switches, particularly

the pull-in voltage. Also, a new 2D mathematical model has been built to better study

mechanical properties of RF MEMS switches.
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Chapter 1

Introduction

As its name suggests, RF MEMS switches are devices used to allow/stop transmission

of high frequency electrical signal in RF applications, which can be found in satellites,

antennas or cellular phones. The distinction between RF MEMS switches and other

switches of the same purpose, like PIN diodes or FET switches, is the involvement of

mechanical parts, fabricated using bulk or surface micromachining technology. This

mechanical-driven mechanism bring outs excellent performance of RF MEMS switches

over their competitors: virtually no power consumption, low insertion loss and high

isolation. The history of RF MEMS switch dates back to the early 1990s when the

first MEMS switch was fabricated at the Hughes Research Labs in Malibu, California

by Lawrence E. Larson et al. [1]. Since then, this new approach has drawn attention

of many reserch labs and electronic companies around the world [2] [3] [4] [5] [6] [7] [8] [9].

Observing the potential growth of RF MEMS switch, the Department of Micro and Nano

Systems Technology at Vestfold University College has also made this a topic in its re-

search activity. In 2011, microfabrication process for making electrostatically actuated,

capacitive RF MEMS shunt switches was successfully developed by PhD Deokki Min et

al. [10]. In that work, PZT/ZrO2 thin film has also been deposited and characterized,

being a potentially high dielectric constant material for making high isolation switch.

The above promising results have raised interests and motivated the author to conduct

a continual research in the topic of RF MEMS switch.

Since its existence, the traditional dielectric materials for capacitive RF MEMS switches

are silicon oxide or silicon nitride, which have dielectric constants of about 4 and 6, re-

spectively. These materials are well-known, have good mechanical properties and their

deposition techniques are well-established. However, their limitation lies in their low

1



Chapter 1. Introduction 2

values of dielectric constants, which also means low capacitance ratio and difficulty in

obtaining high RF isolation. Therefore, it is tempted to replace them by alternate

dielectric materials that have significantly higher dielectric constant. This is the first

research problem of this thesis. In general there are two groups of high dielectric con-

stant materials: ferroelectrics and metal oxides. This thesis will focus on the latter and

in-house physical techniques, thermal evaporation and thermal oxidation, are intended

to use in depositing dielectric thin film. Those methods are chosen because they would

help the fabrication process for making RF MEMS switch be done totally in-house at

the Department’s lab. If the first research question has an optimistic answer, there will

appear a new generation of RF MEMS switch which have micro-scaled size, almost no

DC power consumption, high capacitance ratio and high isolation in down-state. Fur-

thermore, they are cheap and can be fabricated in-house at the IMST’s lab.

After the process for fabrication of RF MEMS switch has been made available by De-

okki, a question is naturally raised: can that process be used to make switches for an

actual, specific RF application? This is also the second research question of this thesis.

The answer for this question, together with the high-κ dielectric that could be found,

would together build a framework for making new RF MEMS switches that are low-cost

yet possess high capacitance ratio and high isolation.

To answer the second question thoroughly, cares should be taken. Firstly, important

characteristics like pull-in voltage, switching time and RF isolation are dependent on

material and geometry of the switches and that dependency should be studied to well

design an application-oriented switch. Secondly, process parameters, such as residual

stress and etching holes, could also affect the properties of the switch and in most cases

their presence cannot be neglected. This thesis, by modeling, analysis and simulation,

attempts to explore the effects of geometry, material properties and process parameters

to characteristics of the switches and then propose a switch design that could be used

in a specific application. The targeted application in this thesis is the switching net-

works, which are necessary in most communication systems, especially communication

satellites. There are two advantages that make RF MEMS switches suitable for commu-

nication satellites application. First, these switches have much less power consumption

than PIN diodes and thus, in satellites where power source is limited to solar cell, they

are preferable to PIN diodes. Secondly, micromachined switches are small and light,

making them potential replacements for the traditional coaxial switches used in satel-

lite, which are much more heavier.

The thesis includes six chapters. Following this introductory chapter, chapter two pro-

vides background about RF MEMS, RF MEMS switches and necessary knowledge about
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RF engineering, which will be applied later in chapter three. Chapter three, method,

presents detailed work in electromechanical and electromagnetic analysis and simulation

of RF MEMS switches. The final section of chapter three show the process of searching

high-κ metal oxide dielectric for RF MEMS switch and then describes details in fab-

rication and characterization of a potential candidate, copper (II) oxide. Then comes

chapter four with harvested results of what have been introduced in chapter three. Chap-

ter five follows with discussion about the results in chapter four. Chapter six concludes

the thesis and suggests future work. Some Matlab programs are shown in appendix for

reference.



Chapter 2

Background

2.1 RF MEMS

RF MEMS is the acronym of Radio Frequency Microelectromechanical System(s), refer-

ring to any micromachined devices or parts which perform RF functionality. RF MEMS

can also be used as an adjective, as in the phrase ”RF MEMS switch”, to describe that

the device or part is an RF MEMS. According to [11, p. 2], research in the field of RF

MEMS can be categorized into four main areas, summarized in Figure 2.1.

However in [12, p. 2], Stepan narrows down the range of systems which can be considered

RF MEMS. According to this author point of view, true RF MEMS have reconfigurable

actuators that is independent of input RF signal. Therefore, immovable RF MEMS

inductors and antennas, RF micromechanical resonators and filters, and FBAR, which

is excited by input RF signal, are not true RF MEMS. Nevertheless, the exact definition

of RF MEMS is not a big concern of this thesis since its main focus is RF MEMS

switches, which are definitely true RF MEMS.

2.2 RF MEMS switches

As the name suggests, RF MEMS switches are RF MEMS device that can allow or block

RF current/power. Figure 2.2 and Figure 2.3 demonstrate an RF MEMS capacitive

shunt switch in up-state position and down state position respectively. In the figures,

the yellow color denotes gold coplanar wave guide and suspension bridge and the green

color denotes a high-κ dielectric layer. The switch is called capacitive because the

suspension bridge, the air and dielectric layer and the transmission line region below the

bridge together form a capacitor. When the bridge is up, the up-state capacitance is

4



Chapter 2. Background 5

Figure 2.1: Main areas of RF MEMS research

low due to large distance and low dielectric constant of the air and thus, the switch has

almost no effect on the RF current transmitted over the middle transmission line, the

switch is in on-state. On the other hand, when the bridge is down, that the down state

capacitance is large makes the switch impedance small. General speaking, the input

RF signal is grounded and thus, the output signal is almost zero. More precisely, the

input RF signal is reflected back to the source because the down-state switch form a

discontinuity on the transmission line.
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Figure 2.2: An RF MEMS capacitive shunt switch in up-state position

Figure 2.3: An RF MEMS capacitive shunt switch in down-state position

2.3 Some basic knowledge about RF engineering

2.3.1 Two-port network and s-parameters

A two-port network, in electrical engineering, is an electrical circuit or device which has

two ports, usually one is considered input port and the other is thought as output port.
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Each port consists of two terminals as depicted in figure 2.4

Figure 2.4: A two port network (above) and its z-parameters, y-parameters and
h-parameters (below)

In DC or low-frequency electrical engineering, the wave length of electromagnetic wave

transmitted in a circuit is much larger than dimensions of the circuit itself; thus, current

and voltage are considered to be the same over, for example, a transmission line in the

circuit. As a result, a two-port network in DC and low-frequency electrical engineering

is usually modelled by sets of parameters that describe relationships between the values

of voltage or current of input and output port, for example, impedance parameters (z-

parameters), admittance parameters (y-parameters), hybrid parameters (h-parameters)

as depicted in figure 2.4.

However, the z, y and h-parameters are no longer applicable for a two-port network

under high-frequency excitations. The first reason is that in order to calculate these

parameters, short circuit or open circuit condition has to be implemented on a cer-

tain port, which is difficult for RF signal because of lead inductance and capacitance.

Secondly, for high-frequency signals having wavelength in sub-meter range, the circuit

dimensions are comparable to the signal wavelength. Therefore, voltage and current are

not the same over a transmission line but depend on position relative to the source. As

a result, a new set of parameters that can better describe the scattering nature of the

RF signal, called scattering parameters (s-parameters), is defined. In order to calculate

s-parameters, new variables called wave variables are introduced: a1, a2 are waves trav-

elling into port 1 and port 2 respectively and b1, b2 are waves travelling out of port 1

and port 2 respectively. These wave variables can be defined by voltages and currents

at the two ports and a real-valued positive reference impedance Z0 (ususally chosen to
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be 50Ω), as shown in equation 2.1. These wave variables are complex numbers, which

means they have both amplitude and phase. Physically, |a1|2 is the maximum power

that the source having source impedance Z0 can supply to the two-port network, |b1|2

is the power that reflected back from the two-port network and |a1|2−|b1|2 is the actual

power that the two-port network receive from the source [13].

a1 =
V1 + I1Z0

2
√
Z0

, b1 =
V1 − I1Z0

2
√
Z0

, a2 =
V2 + I2Z0

2
√
Z0

, b2 =
V2 − I2Z0

2
√
Z0

(2.1)

The s-parameters can then be defined based on aforementioned wave variables:[
b1

b2

]
=

[
s11 s12

s21 s22

][
a1

a2

]
(2.2)

where usually, s11, s22 are called input reflection coefficient, output reflection coefficient,

respectively and s21, s12 are called forward transmission coefficient, reverse transmission

coefficient, respectively.

To illustrate, let consider a two-port network that connected with source and load by

two transmission line having characteristic impedance Z0 as shown in figure 2.5.

Figure 2.5: A two port network and its s-parameters

The source and the load have the same impedance Z0. The incident wave a1 travelling

into port 1 will be partially transmitted throuth the two-port network to port 2 (b2) and

partially reflected back towards the source (b1). If the load impedance ZL 6= Z0, then
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there will be reflected wave from the load a2. However, since the load impedance is the

same as the characteristic impedance of the transmission line, b2 is totally absorbed and

a2 = 0 (the reader may find explanation for this in [14, p. 56]). From equation 2.2 with

a2 set to zero, one can find s11 and s21. With similar practice, s22 and s12 can also be

found. Equation 2.3 illustrates these calculations.

s11 =
b1
a1
|a2=0

s21 =
b2
a1
|a2=0

s22 =
b2
a2
|a1=0

s12 =
b1
a2
|a1=0

(2.3)



Chapter 3

Method

3.1 Electromechanical analysis and simulation of

RF MEMS switches

This section presents the method for electromechanical analysis and simulation of RF

MEM switches. Mathematical analysis explores which parameters can affect the behav-

ior of the switches and how strong the dependency is. For example, it can find out which

dimensions or material properties would lower the pull in voltage and switching time

of the switch and further more, which is the most dominant factor. However, analysis

work usually makes assumptions to simplify, for example the differential equations to be

solved, and thus yields approximate solution. Numerical simulation, on the other hand,

can give solution just in cases where all parameters have predefined values, nevertheless

the results obtained are precise given that the mesh and boundary conditions are well

defined. Since analysis or simulation work has its own advantages and can support each

other in modelling RF MEMS switches, both of them are focused in this section.

In simple analysis, the switch is usually modeled as a fixed-fixed beam with only pure

bending and is actuated by a DC biased voltage at the central region. Furthermore,

the central part of the switch and the bottom electrode form a perfect parallel-plate

capacitor. However in many cases, these assumptions are inefficient to yield precise

solution to the deflection and pull-in voltage of the switch. Some additional contributions

should be taken into account to better analyze the switch:

• Electrical fringing field originates from the edges and (much smaller) from the

back side of the bridge and the bottom electrode. Neglecting fringing effect can

lead to underestimating the electrostatic force between the bridge and the bottom

electrode.

10
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• Axial stress presents due to stretching of the bridge. The stiffness comes from

stretching can be comparable to that originates from bending when the bridge

deflects a distance as large as its thickness.

• Residual stress is induced from fabrication process. For example, when using

evaporator to deposit the bridge of a shunt switch, the temperature in evaporation

process is usually higher than the working temperature of the switch, which may

introduce compressive stress in the switch.

• Etching holes are designed to promote etching and release process. These holes

may alter the stiffness and air damping of the bridge.

This section presents methods to analyze the above effects on electromechanical prop-

erties of RF MEMS switches. Dimensions and data of the modeled switches are shown

in Figure 3.1 and Table 3.1.

Figure 3.1: Geometry of the modeled switch (etching holes are not drawn)

3.1.1 Fringing field effect

Electrical fringing field originating from the edges, the back side of the bridge and the

bottom electrode increases the capacitance and the electrical force acting on the bridge.

The emperical formula of van de Meijs and Fokkema [15], among others, is suitable

for analyzing fringing field effect in RF MEMS switch because it is simpler than other

formulas like [16] but still yields accurate results in a wide range of dimensions. The

formula is applied for a long bridge of thickness t and width w, suspended at distance h

over a ground plane as can be seen in Figure 3.2.
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Table 3.1: Data of the modeled switch

Name Notation Value

Young modulus of gold EAu 70 GPa

Poisson ration of gold ν 0.44

Displacement in x, y, z directions u, v, w

Initial air gap g0 0.5, 1, 2 µm

Air gap g g0 − w
Thickness of dielectric layer td 0.5, 0.2− 0.3 µm

Relative dielectric constant of copper oxide εr 18.1

Dielectric constant of vacuum ε0 8.85× 10−12 F/m

Effective initial air gap geff0 g0 + td/εr
Effective air gap geff geff0 − w
Bridge length l 280 µm

Bridge width b 40, 60, 80 µm

Bridge thickness t 0.5, 1, 2 µm

Thickness of bottom electrode te 0.5 µm

Width of bottom electrode W 100 µm

Distance from one end of the bridge to a boundary
s (l +W )/2

of central region (see Figure)

Axial residual stress T0 10, 20, 30 MPa

Diameter of etching holes dhole 3.75 µm

Hole pitch (distance between two holes) pitch 6.25 µm

 

w 

h 

t 

Figure 3.2: A conductor plate over ground plane

Van de Meijs and Fokkema claimed that for w/h ≥ 1 and 0.1 ≤ t/h ≤ 4, the following

formula approximates well exact formula within 2% accuracy:

C

ε0εr
=
w

h
+ 0.77 + 1.06

(w
h

)0.25
+ 1.06

(
t

h

)0.5

(3.1)

One can see that the total capacitance includes the parallel-plate capacitance, a constant

term, one term depended on the w/h ratio and one term depended on the t/h ratio.
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To apply equation 3.1 in RF MEMS switch, let us consider a simplified model shown in

Figure 3.3, where the arrows symbolically denote the fringing electrical field. The bridge

is made partially transparent for a better view.

Figure 3.3: Model to study fringing field effect in RF MEMS switch

Since the bridge and the bottom electrode span across each other, there are two fringing

contributions to the total capacitance: the dark green field and the light blue field in

Figure 3.3. Applying Equation 3.1, the capacitance of the model shown in Figure 3.3 is:

C

ε0
=
bW

g
+0.77(b+W )+1.06W

(
t

g

)0.5

+1.06b

(
te
g

)0.5

+1.06(b0.75+W 0.75)

(
bW

g

)0.25

(3.2)

The electrostatic force can be derived from the total capacitance:

(3.3)Fe = −1

2
V 2∂C

∂g

=
ε0bWV 2

2g2

[
1 +

0.53

b
(tg)0.5 +

0.53

W
(teg)0.5 + 0.265g0.75

b0.75 +W 0.75

(bW )0.75

]

It can be seen that the first term in Equation 3.2 and Equation 3.3 accounts for the

parallel-plate capacitance and force, whereas the other terms account for fringing effect.

When applying the above formulas, due to the presence of the dielectric layer the effective

gap should be use instead of only the air gap.
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3.1.2 Derivation of spring constant component due to bending

We model the bridge as a rectangular plate clamped at two opposite boundaries and

free at remaining boundaries. The plate has length l, width b, thickness t and is loaded

with uniform pressure q at the center portion of dimensions b×W (see Figure 3.4). For

later convenience, the coordinates are denoted as X and Y instead of x and y as usual.

The variables x, y are used to denote the normalized values of X, Y to the length of

the bridge.

 

0 l/2 -l/2 

b/2 

-b/2 

X 

Y 

-W/2 W/2 q 

Figure 3.4: 2D model of RF MEMS switch

Assuming that t << l and t << b, which is usually the case, and the plate moves a

distance smaller than its thickness t so that we can neglect stretching of the plate for

now.

A. 1D analysis

We make another assumption that the bridge is narrow so that it can be treated as a

beam (b << l). For a clamped-clamped beam that moves a small distance comparing

to its thickness, the ratio of the restoring force and the deflection of the middle point is

a constant, the bridge can be mechanically modeled as a linear spring with the spring

constant kb [11, p. 24] (the subscript b is for bending):

kb = 32Ew

(
t

l

)3 1

8
(
s
l

)3 − 20
(
s
l

)2
+ 14

(
s
l

)
− 1

(3.4)
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B. 2D analysis

The above equation can be applied well for a narrow bridge. However, in cases where

the bridge width is comparable to its length, bending of plate should be studied. The

exact solution for deflection of a rectangular clamped-clamped plate with central loading

is difficult to obtained due to boundary conditions of the two free sides. To the best

of the author knowledge, there are two methods to solve the deflection of a clamped-

clamped plate. The first way is using the Fourier method of separation of variables (i.e.

approximate the deflection by infinite series of trigonometric and hyper trigonometric

functions) [17]. The second one utilizes the symplectic method that is commonly applied

in quantum mechanics and relativity, to solve problems in elasticity [18]. However, those

works only solve for the case that pressure q is distributed all over the plate. To find the

plate deflection in case the loading pressure is only distributed at the center portion of the

plate, this thesis proposes an approximate solution. The principle of minimum potential

energy is employed to find a polynomial of coordinate variables that can approximate

the deflection surface of the bridge. The procedure to search for such polynomial can

be done by the following three steps.

• Step 1: Expressing the deflection surface as a polynomial, it is helpful to normalize

the deflection w to the thickness t and coordinate variables X, Y to the length l of

the plate: w = w
t , x = X

l , y = Y
l . The nomalized deflection w is then expressed

as a polynomial of normalized coordinates x, y:

w = P (x, y) =
∑

i,j even, i+j≤m
a(i+1)(j+1)x

iyj (3.5)

where i,j are the power of x, y respectively, m is the maximum power of x or y,

a(i+1)(j+1) is the coefficient of the polynomial. The power i and j are even because

the deflection w is symmetric in the coordinate system assigned to the plate. As

an example, when m = 4 the polynomial becomes: P (x, y) = a11 +a13y
2 +a15y

4 +

a31x
2 + a33x

2y2 + a51y
4. Indices of the coefficents start from 1 but not 0 is for

compatibility with Matlab software.

• Step 2: Find relationship between the coefficients so that the polynomial satisfies

8 boundary conditions at 4 boundaries. The boundary conditions for clamped and

free edges can be found in literature of mechanics like [19, p. 83]. To apply for the

bridge studied here, these boundary conditions are written in normalized variables

as shown in Table 3.2. The plate length and width are normalized to the plate

length: l = l
l = 1, b = b

l .
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Table 3.2: Eight boundary conditions for a clamped-clamped plate in bending

Name Meaning Expression

bc1 Deflection at x = −1
2 is zero w(−1

2 , y) = 0

bc2 Slope at x = −1
2 is zero w′(−1

2 , y) = 0

bc3 Deflection at x = 1
2 is zero w(12 , y) = 0

bc4 Slope at x = 1
2 is zero w′(12 , y) = 0

bc5 Bending moment at y = − b
2 is zero

(
∂2w
∂y2

+ ν ∂
2w
∂x2

)
y=− b

2

= 0

bc6 Shear force and twisting moment
[
∂3w
∂y3

+ (2− ν) ∂3w
∂x2∂y

]
y=− b

2

= 0
at y = − b

2 is zero

bc7 Bending moment at y = b
2 is zero

(
∂2w
∂y2

+ ν ∂
2w
∂x2

)
y= b

2

= 0

bc8 Shear force and twisting moment
[
∂3w
∂y3

+ (2− ν) ∂3w
∂x2∂y

]
y= b

2

= 0
at y = b

2 is zero

Inserting polynomial P (x, y) into all 8 boundary conditions yields 2m linear inde-

pendent equations in m2+6m+8
8 variables (which is equal to the number of coeffi-

cients of P ). This system of equations has more variables than equations, meaning

that it has infinitely many solutions which can be expressed by m2−10m+8
8 indepen-

dent parameters (i.e. difference between the number of variables and the number

of equations). These parameters are the variational variables that should be solved

to determine P .

• Step 3: Solve for the aforementioned m2−10m+8
8 variational variables by using the

principle of miniumum potential energy applied for the plate [19, p. 344]. The

total potential energy of the plate expressed in normalized variables is:
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(3.6)
Π =

b
2∫

− b
2

1
2∫

− 1
2

Et5

24(1− ν2)l2

{(
∂2w

∂x2
+
∂2w

∂y2

)2

− 2 (1− ν)

[
∂2w

∂x2
+
∂2w

∂y2
−
(
∂2w

∂x∂y

)2
]
−

24
(
1− ν2

)
ql4

Et4
w

}
dxdy

The total potential energy includes elastic potential energy of the plate (the first

two terms in the {} bracket) and the potential energy due to the pressure q (the

third term in the {} bracket). Let α1, α2, α3, ... be variational variables, the

principle of minimum potential energy requires:

∂Π

∂α1
= 0,

∂Π

∂α2
= 0,

∂Π

∂α3
= 0, ... (3.7)

Solving this system of equations totally defines polynomial P .

The above procedure can be implemented in Matlab using Symbolic Math Toolbox to

help simplify calculation work. The detailed code is presented in Appendix A.1.

After polynomial P is found, the spring constant of the bridge can be expressed as the

ratio of the force qbW and the deflection of the middle point wc = tP (0, 0):

kb =
qbW

tP (0, 0)
(3.8)

To find a converge solution, the Matlab program is run with increased value of polyno-

mial degree, m, until the relative error of P (0, 0) between two successive values of m is

less than a defined value.

3.1.3 Derivation of spring constant component due to stretching

When the bridge of an RF MEMS switch deflects a distance comparable to its thickness,

stretching of the middle surface of the bridge contributes another restoring force in

addition to the linear restoring force caused by bending.

A. 1D analysis

The relationship between restoring force due to stretching and deflection of a beam is

nonlinear and proved to be [11, p. 27] :

F = ksw
3
c (3.9)
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where the stretching spring constant ks can be calculated by the formula:

ks = π4
Ebt

8l3
(3.10)

Taking the ratio of restoring force due to stretching and that due to bending (using

Equation 3.10 and Equation 3.4), relative importance of the two effects can be estimated:

Fs
Fb

=
π4

256

(wc
t

)2 [
8
(s
l

)3
− 20

(s
l

)2
+ 14

(s
l

)
− 1

]
(3.11)

For a bridge’s with the width of 80 µm and the length of 280 µm, Fs
Fb

= 0.68
(
wc
t

)2
,

meaning that if the switch deflects a distance comparable to its thickness, nonlinear

effect contributes two fifths to the total restoring force and should not be neglected.

B. 2D analysis

When the bridge’s width is comparable to the its length, the nonlinear spring constant

of the bridge due to stretching should be studied in two dimensions analysis. In order

to do so, the bridge is modeled as a rectangular membrane loaded with a pressure q at

the center. The coordinate system assigned to the membrane is shown in Figure 3.4.

The displacement u, v, w are approximated by polynomials of variables X and Y . The

following procedure uses the principle of minumum potential energy to find approximate

polynomials for displacement variables.

• Step 1: Expressing the displacement u, v, and deflection w as polynomials of

coordinate variables. For the sake of simplicity, u, v, w and coordinate variables

X, Y are normalized to the length l of the memebrane: u = u
l , v = v

l , w = w
l , x =

X
l , y = Y

l . The nomalized values u, v and w are then expressed as polynomials of

normalized coordinates x, y:

u = P (x, y) =
∑

i odd,j even, i+j≤m
a(i+1)(j+1)x

iyj (3.12)

v = Q(x, y) =
∑

i even,j odd, i+j≤m
b(i+1)(j+1)x

iyj (3.13)

w = R(x, y) =
∑

i,j even, i+j≤m
c(i+1)(j+1)x

iyj (3.14)

where i, j are the powers of x, y respectively, m is the maximum power of x or y,

a(i+1)(j+1), b(i+1)(j+1) and c(i+1)(j+1) are the coefficients of the polynomials. The
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Table 3.3: Six boundary conditions for a clamped-clamped membrane

Name Meaning Expression

bc1 Deflection u at x = −1
2 is zero u(−1

2 , y) = 0

bc2 Deflection u at x = 1
2 is zero u(12 , y) = 0

bc3 Deflection v at x = −1
2 is zero v(−1

2 , y) = 0

bc4 Deflection v at x = 1
2 is zero v(12 , y) = 0

bc5 Deflection w at x = −1
2 is zero v(−1

2 , y) = 0

bc6 Deflection w at x = 1
2 is zero v(12 , y) = 0

power i is even in Q, R and odd in P and the power j is odd in Q and even in

P, R due to the symmetry/antisymmetry properties of u, v, w in the coordinate

system assigned to the membrane. As an example, when m = 4 the polynomial

for w becomes: R(x, y) = a11 +a13y
2 +a15y

4 +a31x
2 +a33x

2y2 +a51y
4. The index

of coefficients start from 1 but not 0 is for compatibility with Matlab software.

• Step 2: Find the relationship between coefficients so that the polynomials satisfy

6 boundary conditions at 2 fixed boundaries. The boundary conditions for nor-

malized variables are tabulated in Table 3.3, note that the normalized length of

the membrane is 1 and the normalized width is b = b
l .

Inserting polynomials P (x, y), Q(x, y), R(x, y) into all 6 boundary conditions

yields (2m − 3) linear independent equations in 3m2+10m+8
8 variables (which is

equal to the total number of coefficients of P, Q and R). This system of equations

has more variables than equations, meaning that it has infinitely many solutions

which can be expressed by 3m2−2m
8 independent parameters (i.e. difference be-

tween the number of variables and the number of equations). These parameters

are the variational variables that should be solved to determine P, Q and R.

• Step 3: Solve for the aforementioned 3m2−2m
8 variational variables using the prin-

ciple of miniumum potential energy applied for the membrane [19, p. 419]. The
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total potential energy of the membrane expressed in normalized variables is:

Π =

b
2∫

− b
2

1
2∫

− 1
2

Et3

2(1− ν2)

[
ε2x + ε2y + 2νεxεy +

1− ν
2

γ2xy −
2(1− ν2)l2

Et2
qw

]
dxdy

(3.15)

where εx, εy and γxy are the normalized strain values:

εx =
du

dx
+

1

2

(
dw

dx

)2

(3.16)

εy =
dv

dy
+

1

2

(
dw

dy

)2

(3.17)

γxy =
du

dy
+
dv

dx
+
dw

dx

dw

dy
(3.18)

The expression on the right hand side of Equation 3.15 includes stretching potential

energy of the plate (the first four terms in the [ ] bracket) and the potential energy

due to the pressure q (the fifth term in the [ ] bracket). Let α1, α2, α3, ... be

variational variables, the principle of minimum potential energy requires:

∂Π

∂α1
= 0,

∂Π

∂α2
= 0,

∂Π

∂α3
= 0, ... (3.19)

Solving this system of equations totally defines polynomial P, Q and R.

The above procedure can be implemented in Matlab using Symbolic Math Toolbox to

help simplify calculation work. The detailed code is presented in Appendix A.2.

After polynomial R is found, the stretching spring constant of the membrane can be

expressed as the ratio of the force qbW and the third order of middle point deflection

wc = tR(0, 0):

ks =
qWb

[tR(0, 0)]3
(3.20)

To find a converge solution, the Matlab program is run with increased value of polyno-

mial degree, m, until the relative error of R(0, 0) between two successive values of m is

less than a defined value.
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3.1.4 Derivation of spring constant component due to residual stress

In this section, the bridge of the switch is assumed to have an axial residual stress:

σx = T0, σy = 0 (3.21)

In many cases, the residual stress can be biaxial:

σx = σy = T0 (3.22)

However, due to the two free boundaries of the bridge, the biaxial stress will soon be

relaxed into axial stress:

σx = T0(1− ν), σy = 0 (3.23)

A. 1D analysis

Residual stress induced in fabrication process can contribute a component to the spring

constant and thus stiffen the bridge. The 1D analysis of the stiffness caused by residual

stress has been studied in [11, p. 26]. With an axial stress σx = T0 distributed along the

length of the bridge, the stress-induced stiffness of the bridge can be expressed by:

kr =
8T0bt

l
× 1

3− 2(s/l)
(3.24)

The restoring for due to residual stress is proportional to the deflection wc by the con-

stant kr.

B. 2D analysis

In this part, a procedure to find the stress-induced stiffness of the bridge is presented.

The principle of minimum potential energy is employed to find polynomials of variables

x and y that can approximate the displacement u and the deflection w of the bridge.

The procedure to search for such polynomial can be done by the following three steps.

• Step 1, Step 2: Similar to the Step 1 and Step 2 of the Procedure presented in

Subsection 3.1.3

• Step 3: Solve for the 3m2−2m
8 variational variables by using the principle of miniu-

mum potential energy. The total potential energy of the bridge deflected with the

presence of residual stress is expressed in normalized variables as:
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Π =

b
2∫

− b
2

1
2∫

− 1
2

tl2T0

[
εx −

l

tT0
qw

]
dxdy (3.25)

where εx is normalized strain in x direction:

εx =
du

dx
+

1

2

(
dw

dx

)2

(3.26)

The expression on the right hand side of Equation 3.25 includes potential energy of

the plate due to residual stress (the first term in the [ ] bracket) and the potential

energy due to deflection under the pressure q (the second term in the [ ] bracket).

Let α1, α2, α3, ... be variational variables, the principle of minimum potential

energy requires:

∂Π

∂α1
= 0,

∂Π

∂α2
= 0,

∂Π

∂α3
= 0, ... (3.27)

Solving this system of equations totally defines polynomial P and R.

The above procedure can be implemented in Matlab using Symbolic Math Toolbox to

help simplify calculation work. The detailed code is presented in Appendix A.3.

After polynomial R is found, the spring constant due to residual stress can be expressed

as the ratio of the force qbW and the middle point deflection wc = tR(0, 0):

kr =
qWb

tR(0, 0)
(3.28)

To find a converge solution, the Matlab program is run with increased value of polyno-

mial degree, m, until the relative error of R(0, 0) between two successive values of m is

less than a defined value.

3.1.5 Effects of etching holes

Beside promoting etching and releasing, etching holes bring another benefit that it can

lower the air damping under the bridge and hence, decrease the switching time. Follow-

ing are parameters that can be altered due to etching holes:

• Effective Young’s modulus, Poisson’s ratio and residual stress of the bridge reduce

as the total hole area increases. According to [20], for holes distributed in square
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perforation pattern with dhole/pitch = 0.625, the effective Young’s modulus, Pois-

son’s ratio and the effective residual stress are:

Eeff = 0.76E, νeff = 0.85ν, T0eff = 0.68T0 (3.29)

• Down-state capacitance is reduced; however, up-state capacitance is unchanged

given that the hole diameter is less than three times the air gap, thanks to fringing

field effect [11, p. 29].

• The damping constant is lowered as the area of the bridge is reduced. Furthermore,

since air can escape not only at the bridge boundaries but also at perimeter of holes,

the spring force due to compression of gas is significantly reduced.

3.1.6 Electromechanical analysis of RF MEMS switch

A. Static study

To make calculation of electrostatic force easy, the delection is assumed to be uniform

over the central portion of the bridge and is equal to the deflection of the central point.

This assumption is reasonable since the air gap is small comparing to the length and the

width of the bridge and the bridge moves only one third of the air gap prior to pull-in.

Knowing the spring constant of the bridge, the deflection of the central point, wc, can

be found the by the equation of balanced forces:

ε0bWV 2

2
(
g0 + td

εr
+ w

)2 × ffringing + (kb + kr)w + ksw
3 = 0 (3.30)

In equation 3.30, the factor ffringing accounts for the effect of fringing field and is

defined as the ratio of the total electrostatic force and the parallel-plate electrostatic

force: Fe/Fpp. It should be noted that the deflection w is negative if we choose to use

the upward z axis as shown in Figure 3.1. When stretching effect is neglected, the pull-in

voltage can be expressed as a closed-form expression:

Vpull−in =

√
8(kb + kr)

27ε0Wb
×
(
g0 +

td
εr

)3

× 1

ffringing
(3.31)

If stretching effect is considerable, a Matlab program can be written to solve Equation

3.30.

B. Dynamic study

It is desirable to make the MEMS switch response as fast as possible to the DC control
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voltage and thus, switching time is an important factor when designing RF MEMS

switch. The shorter the switching time, the better can the switch response to control

signal. The switching time can be improved by either increasing the stiffness of the

bridge or lowering the damping effect.

The time-dependent equation for an RF MEMS switch in 1D analysis is:

Fe +m
d2w

dt2
+ b

dw

dt
+ (kb + kr)w + ksw

3 = 0 (3.32)

where m, b, kb, kr, ks are the lumped mass, damping coefficient and spring constant

component due to bending, stretching and residual stress respectively, Fe is the electro-

static force. When the switch is actuated in vacuum, the damping force can be neglected.

In case the deflection is small and residual stress can be neglected, the swiching time

can be calculated as a function of actuation voltage and angular resonance frequency of

the bridge [11, p. 68]:

ts = 3.67
Vp

Vactω0
(3.33)

where Vp, Vact are the pull-in voltage and actuation voltage respectively, ω0 is the angular

resonace frequency of the bridge. The angular resonance frequency can be calculated

using the Rayleigh-Ritz method. For example, for a doubly-clamped beam in pure

bending, with the trial function w = c
2

[
1 + cos(2πxl )

]
, angular resonance frequency is

found to be:

ω0 =
2

3
π2
H

l2

√
E

ρm
(3.34)

In the above equation,H, l are the thickness and length of the bridge, ρm is the density of

the bridge material. If stretching and residual stress is considerable, the terms including

kr, ks in Equation 3.32 should be taken into account.

When the bridge is actuated in air, squeezed-film damping due to the air gap is also

considered. The pressure of air under the bridge can be describe by the Reynold’s

equation [21, p. 102]:

∂

∂x

(
ρ
h3

µ

∂P

∂x

)
+

∂

∂y

(
ρ
h3

µ

∂P

∂y

)
= 12

d (hρ)

dt
(3.35)

or the alternative form which is used by COMSOL software:

−∇ (ρhu) =
d (hρ)

dt
(3.36)
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For the Equation 3.35 or 3.36 to be valid, it is required that the Modified Reynold’s

Number is less than unity: Rs = ωh2ρ
µ << 1, which is usually hold for RF MEMS

switch. For example, for a gold bridge having length of 280 µm, width of 80 µm and

thickness of 2 µm, the air gap of 2 µm, air viscosity of 18.45 × 10−6Pa.s and angular

frequency of 0.3 MHz (which is equal the angular resonace frequency of the bridge), the

value of Rs is 0.07, well below unity. Solution of Reynold’s equation can be found in

MEMS textbook like [21] or [22].

3.1.7 Electromechanical simulation of RF MEMS switch

A. Building the switch geometry

The computer models for MEMS shunt switches are built with the same parts and layers

as the real, fabricated switches by PhD Deokki Min[10, p. 47]. All dimensions are made

parametric, making it easier to investigate the effects of each dimension. Thanks to

symmetry, one quarter of a switch is modeled, saving computation resources and time

but still giving accurate results. The geometry of a switch is shown if Figure 3.5. Figure

3.6 illustrates another switch which has perforated bridge, hole diameter is 3.75 µm and

distance between two holes is 6.25 µm.

Figure 3.5: One quarter of a switch built in COMSOL
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Figure 3.6: A switch with perforated bridge

B. Meshing

A user-controlled mesh is used, element size at critical parts (the bridge, the bottom

electrode and the dielectric layer) are set smaller than at other parts. The element size

is an important factor, since a finer mesh would give more accurate results but with the

cost of increased simulation time. To find an efficient meshing scheme, the simulation

is first run with a relative coarse mesh. The mesh is then made finer, the simulation

is run again and the relative error between results of the two simulation works is then

calculated. The above procedure is repeated until a relative error of less than 1 percent

is obtained. The final mesh is show in Figure 3.7, with finer quality in blue regions.

Figure 3.7: Final mesh, with finer quality highlighted in blue regions
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C. Stationary study

First, stationary step is used to simulate the deflection of the switch and find the pull

in voltage. The physics Electromechanics is chosen because it couples Electrostatics

interface, Structural mechanics interface and Moving mesh feature, which are suitable

for simulating electrostatically actuated device. To model an RF MEMS switch, the

following configurations are made:

• Linear elastic material : domains of the gold bridge, transmission line, RF/DC

ground plane and silicon wafer are selected. In these domains, only equations for

structure mechanics are included. Electrostatic force acting on their surfaces are

applied in the Electromechanical interface default node. The residual stress can

be included by creating a sub-node named Initial stress and strain.

• Fixed mesh: the fixed geometry are assigned fixed mesh.

• Fixed constraint : the fixed geometry are assigned zero displacement vector.

• Symmetry : specifying symmetric boundaries for structural mechanics. The dis-

placement normal to these boundaries are zero.

• Ground : outer surfaces of the bridge and the RF/DC ground planes are selected.

• Terminal : outer surfaces of the bottom electrode are selected and assigned the

value of actuation voltage. The actuation voltage is swept over a range of values

to find corresponding deflection and pull-in voltage.

• Prescribed mesh displacement : due to symmetry, mesh boundaries on the two

planes of symmetry are restricted not to move in perpendicular direction.

The voltage between the bridge and the bottom electrode is swept to investigate the

deflection under different values of biased voltage. The pull-in voltage is found when

the solver fails to find a converge solution. That is because when pull-in phenomenon

happens, the bridge goes a distance larger than the air gap which then causes air mesh

elements at the middle of the bridge inverted.

For after pull-in simulation, a Solic Mechanics study is perfomed. A Contact Pair node

is added to specify mechanical contact between the top surface of the dielectric layer

and the bottom surface of the bridge. The software can simulate the situation when the

two surfaces approach and come to contact with each other. A mechanical pressure is

specified at the bottom surface of the bridge, as a replacement for electrostatic force. To

help the solver converge, the mechanical pressure is swept from a value which is enough

for the bridge and the dielectric layer come in contact to the electrostatic pressure when

the bridge totally lies on the dielectric layer.
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D. Dynamic study

In this part, the switching time is studied by using the transient solver of COMSOL

Multiphysics. The Thin-film damping node is added to the model to study the squeezed-

film damping in the air gap. In the Fluid film properties sub-node, the viscosity of air

is set to 18.45 × 10−6 Pa.s [21, p. 92], the air film thickness is set equal to the air gap

and ambient pressure is the atmospheric pressure. The air gap at the central region is

meshed finer to improve precision of the solution when the bridge comes very close to

the dielectric layer. The time step is 0.5 ms.

The switching time is simulated for both cases: in air and in vacuum, in order to see

the effect of air damping. Switches with holes on bridge are also investigated.

3.2 Electromagnetic analysis and simulation of capacitive

RF MEMS shunt switch

As its name suggests, the switch is connected in shunt configuration between the trans-

mission line and two ground planes, as can be seen in Figure 2.2 and 2.3. Depending

on the actuation voltage, the switch may be in up-state where the transmission line is

undisturbed or in down-state where the transmission line in grounded. There are two

concepts usually used to evaluate RF performance of an RF MEMS switch: (up-state)

insertion loss and (down-state) isolation. The insertion loss is a parameter that quantify

how much of the RF energy is lost due to the insertion of the switch above the trans-

mission line. In up-state, the insertion loss has a negative, small (in magnitude) value

(−0.04 to −0.1 dB for a well-designed switch [11]). The isolation is used to quantify

how effective the switch can stop the power going to output port. It is defined as the dB

value of square of magnitude of S21. In down-state, since the output power is very small

comparing to the input power, the isolation holds a negative, large (in magnitude) value

(at least −20 dB at 10-50 GHz for a well-designed switch [11]). This section studies on

effects of geometry on insertion loss and isolation of the switch, so as to find a design

that can satisfy the aforementioned conditions.

3.2.1 Electromagnetic analysis of capacitive RF MEMS shunt switch

In RF domain, the switch is modeled as an RLC circuit with inductance L, resistance R

and variable capacitance C. The ratio of down-state capacitance to up-state capacitance

is called capacitance ratio of the switch. The theory in Section 2.3 can be used to

calculate S-parameters of an RF MEMS switch. The RF model of a switch is shown in

Figure 3.8, where the switch is decomposed into Rs, Ls and C components. Assuming
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Figure 3.8: RF model of an RF MEMS shunt switch

that the terminated load has the same impedance as the transmission line, Z0, the

parameters S11 and S21 can be calculated as following:

S11 =
b1
a1

when a2 = 0

S11 =
V1 − I1Z0

V1 + I1Z0
=
Zs ‖ Z0 − Z0

Zs ‖ Z0 + Z0
=

−Z0

2Zs + Z0
(3.37)

S21 =
b2
a1

when a2 = 0

S21 =
V2 − I2Z0

V1 + I1Z0
=
V1 − I2Z0

V1 + I1Z0
=

2Zs
2Zs + Z0

(3.38)

Here, Zs is the total impedance of the switch, including Rs, Ls and C components. Due

to symmetry, it is apparent that S22 = S11 and S12 = S21.

The insertion loss (IL) and isolation (IS) can be calculated using the S11 and S21 pa-

rameters mentioned above [11]:
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IL = 1− |S11|2−|S21|2 (3.39)

or

IL(dB) = 10log(|S11|2+|S21|2) (3.40)

IS(dB) = S21(dB) = 10log|S21|2 (3.41)

3.2.2 Electromagnetic simulation of capacitive RF MEMS shunt switch

The electromagnetic simulation in this subsection uses the Electromagnetic Waves, Fre-

quency Domain Interface in RF Module of COMSOL. The whole switch geometry is

studied instead of only one quarter as before since input and output RF signal should

now be applied and measured at the two ends of the coplanar wage guide. All dimen-

sions and settings are kept the same as for electromechanical simulation, except for the

following modifications:

• The gap between transmission line and RF ground plane is adjusted so that the

characteristic impedance of the coplanar wave guide is equal to 50 Ω. For a wafer

thickness of 525 µm, an SiO2 layer of 500 nm and bottom electrode width of

100 µm, the required gap is 52.5 µm [23, p. 176] [24].

• The actual thickness of high-ρ silicon wafer is 525 µm, which is very large com-

paring with the thickness of the dielectric layer (300 nm), resulting a very large

number of mesh elements and degrees of freedom. Since the important information

for RF simulation is the effective dielectric constant of the coplanar wage guide,

the computational burden can be avoided by simulating with a small wafer thick-

ness and change the dielectric constant of the wafer so that the resulting effective

dielectric constant of the CPW is the same as before.

• It should be noted that CuO is a semiconductor material. To account for this, the

Electrical Conductivity of CuO material is set to a value taken from literature [25].

Also in down-state of the switch, we assume that the bottom surface of the bridge and

the top surface of the dielectric layer are in total contact.
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A. Boundary conditions

The detailed boundary conditions are as follows and also illustrated in Figure 3.9:

Figure 3.9: Boundary conditions for RF simulation

• Lumped Port 1 and Lumped Port 2 are specified at the two ends of transmission

line. Both have the characteristic impedance of 50 Ω. At the lumped port 1, an

excitation voltage of 1 V is applied.

• Perfect Electric Conductor is assigned to small conductor lines connecting the two

RF ground planes for each lumped port.

• Scattering Boundary Condition is applied on a spherical surface encapsulating

outside the switch. This surface is transparent for RF scattered wave coming from

the switch and help avoid reflection of the scattered wave. Also, to further help

absorb the outgoing wave, a thin spherical Perfectly Matched Layer is added right

within the scattering boundary.

• Impedance Boundary Condition is assigned to the gold surface to account for the

conductor loss. The relative permittivity, relative permeability and electrical con-

ductivity are taken from gold material.

B. Mesh

In electromagnetic simulation, a rule of thumb is that the maximum element size should
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be less than one fifth of the wave length to ensure precision. In this thesis, the frequency

range is under 100 GHz, meaning that the maximum mesh size should be less than

600 µm. This condition easily holds since dimensions of the switch are much smaller

than this value.

3.3 Deposition and characterization of Copper(II) oxide

3.3.1 An investigation on high-κ metal oxides

As has been referred to in Chapter 1, it is desirable to use a high dielectric constant

material for capacitive RF MEMS switch, so as to obtain a high down-state capacitance

and as a result, improve the capacitance ratio and down-state isolation of the switch. In

this thesis, an investigation on metal oxides is carried out to search for a replacement for

traditional dielectric materials in RF MEMS switch - silicon oxide and silicon nitride.

The intended deposition method is first evaporating metal thin film, then thermally

oxidizing the deposited metal film into oxide film. The advantages of thermal evaporation

is that it is an easy method for depositing a wide range of metals. Furthermore, deposited

films have smooth surface and since evaporation is carried out in vacuum, the films are

relatively pure. The investigation is carried out as follows. The other two physical vapor

deposition methods, e-beam evaporation and sputtering, are also considered, as they can

be alternative methods when thermal evaporation is not possible.

• Listing all metals that can be evaporated by thermal evaporation, e-beam evapo-

ration or sputtering. At this step, we refer to the guide from Vacuum Engineering

& Materials Company [26].

• Eliminating from the list metals that are toxic such as Lead or Beryllium or ra-

dioactive like Uranium. Also, metals having oxides that decomposes, loses oxygen

or have high conductivity are removed.

• Finding in literature dielectric constants of oxides of the remaining metals. At

this step, we refer to a compilation on dielectric constants of various materials

[27]. Oxides that have dielectric constant of less than 10 are eliminated from the

list. In the scope of a master thesis, metals that are rare or oxides that have

dielectric constant unpublished in literature are not considered. The remaining

metals are shown in Table 3.4, together with the deposition method and their

corresponding oxides. Some values of dielectric strength are also shown, together

with the reference source [27] [28].
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Table 3.4: Metals which have high-κ oxides and their deposition method

Ebreak-down

 (MV/cm)

W  Film hard and adherent  WO3 (ε11) 90000 [27]

W  Film hard and adherent  WO3 (ε33) 60000 [27]

W  Film hard and adherent  WO3 (ε22) 40000 [27]

MnO2 10000 [27]

MnO 12.8, 18 [27]

TiO2  (ε33) 170 [27]

TiO2 (ε11, ε22) 86 [27]

TiO2  60, 95 [28]

Zr  ZrO2 12.5 [27], 29 [28] 3.8 [28]

Ta  Good film  Ta2O5 19 - 28 [28] 2.5 - 6 [28]

Ce  Film oxidizes easily CeO2 7, 28 [27]

Fe  Film hard, smooth Fe3O4 20 [27]

Hf  HfO2 20 [28] 3 - 4.7 [28]

Cu   Adhesion is not good CuO 18.1 [27]

Sn   SnO2 9,  14 [27]  

Cr   Adherent film, high rate possible  Cr2O3 13.3 [27]

Co  Alloy with refractory metal CoO 12.9 [27]

Fe  Film hard, smooth Fe2O3 12 [27]  

Smooth, adherent film, forms 9.7, 11.9 [27]

alloy with refractory metal

9.34, 11.54 [27]

8.5 [28]


Ti

Al  

Mn

Sputter
Formula κ

Al2O3 6.2, 7.2 [28]

 

1 - 3.2 [28]

Metal

 Alloys with refractory metals 

Ni    NiO

Evaporation Oxide

Thermal E-beam Remark

• In Table 3.4, there are ten oxides having dielectric constant larger than 15. Among

them, CuO can be thermally evaporated and is chosen to study in this thesis.

In the next two parts, the method for deposition and measurement of CuO is presented.

3.3.2 Deposition of Copper (II) Oxide

The thermal oxidation of thermally evaporated copper film has been described in pre-

vious work [29] [25] [10]. In work by Papadimitropoulos et al. [29] and Valladares et

al. [25], the pristine copper film before oxidation is 50 nm and 100 nm, respectively. In

work by Deokki [10], 250 nm copper was deposited but only approximately 75 nm of

CuO is reported, meaning the copper film is not totally oxidized.

For RF MEMS switch, it is attractive to make the dielectric layer as thin as possible,

so as to archive high capacitance ratio and high isolation. However, the fact that RF

MEMS capacitive switches normally use a relatively high DC actuation voltage may

hinder this possibility due to the high field strength. For example, a typical actuation

voltage of 30 V could create across a 100 nm thick dielectric layer an electrical field of

3 MV/cm, which is a limit for many dielectric materials as can be seen in Table 3.4. As

can be seen from Deokki simulation work [10, p. 52], among the range of thickness from

50 nm to 300 nm, 300 nm thickness would give the best isolation for his switch design
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in our targeted Ka band (more than 30 dB). In this thesis, the targeted CuO oxide layer

for deposition and characterization is 300 nm for that reason. In this subsection, three

aspects are under investigation. Firstly, we want to find a combination of temperature

and time that would give a smooth, homogeneous oxide surface. Secondly, in most cases,

the metal film thickness increases during oxidation due to the insertion of oxygen atoms.

Since an exact thickness of dielectric film is desirable for fabrication of MEMS switch,

it is necessary to find the ratio of copper oxide thickness to pristine copper thickness.

Finally, the effect of oxygen flow on oxidation of copper is studied to decide whether

oxygen flow is needed to improve the oxidation process. The detailed instruments and

method are described in the following paragraphs.

A. Instruments

• Thermal Evaporator Moorfield MiniLab T25M is used for thermal evaporation.

The machine has four discrete crucibles filaments for resistive evaporator, can load

a whole 4-inches wafer and has quartz sensor for measuring thickness. The highest

vacuum level is 10−6 mBar and the distance from source to wafer is 18 cm.

• Tube Furnace GSL-1100 helps thermally oxidize the metal film. The furnace has

a 2-inches diameter quartz tube with operating temperature up to 1100 ◦C. Gas

supply can also be installed.

• Optical Microscope Leica DM4000M and DEKTAK Profilometer are used for ob-

servation and thickness measurement.

B. Experimental details

Since the expansion of copper film through oxidation is unknown, a trial thickness of

300 nm copper is chosen. The expansion ratio can then be deduced from the final

oxide thickness and the pristine copper thickness. First, 15 nm chromium is evaporated

on SiO2/Si subtrate as an adhesion layer. Copper is then evaporated on top of the

chromium layer, the chamber pressure is 5×10−6mBar and evaporation rate is 1.3 Å/s.

The thickness of copper film is 300 nm as reported by the quartz sensor. The copper

film is etched using a mask with small opening lines to help measure the thickness of

metal film or oxide film later. The wafer is then cut into small pieces, which would

be put into the furnace for annealing. The temperature of the furnace is slowly raised

until it reaches a certain value. In this experimental work, that value is from 350 ◦C

to 500 ◦C since copper can be totally converted to copper (II) oxide at above 350 ◦C

[29] [25]. The samples are kept at the constant temperature for a defined annealing

time. This annealing time is important for the film to be converted totally in to oxide.
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The probing annealing time are 30 minutes, 60 minutes or 120 minutes. The oxygen

gas can be optionally supplied into the quartz tube. The samples are then cooled down

naturally to room temperature. The thickness of metal film before and after oxidation is

measured by stylus profilometer and the surface of oxide film is observed and captured

by optical microscope.

After the expansion ratio is calculated from the 300 nm copper samples, another sample

with only 125 nm copper is prepared in an attempt to obtain exactly 300 nm oxide.

This time, the copper film is deposited on top of SiO2 layer and is carefully scratched

instead of etched. The annealing temperature is 350 ◦C and the time is 120 minutes. It

is also re-annealed in 60 minutes to confirm the result of 120 minutes annealing time.

3.3.3 Measurement of dielectric constant of Copper (II) Oxide

A. Theory

The dielectric constant of a dielectric material can be calculated by measuring transmis-

sion coefficient (S21) of a coplanar wave guide deposited on top of a thin layer of that

dielectric (Figure 3.10). First, the effective dielectric constant of the CPW is extracted

 

 

                               

 Si wafer (525 μm, ε2)  

S 

  CuO (300 nm, ε1) 

                                                                

W W 

Cu (300 nm) 

Figure 3.10: CPW structure used to measure dielectric constant of CuO

from the phase of S21 [10]:

εeff =

(
ΦS21

360
× c

fl

)2

(3.42)

In the above equation, εeff is the effective dielectric constant of the CPW, ΦS21 is the

phase of S21 in degree, f is the frequency, l is the CPW transmission line length and c

is the speed of light. The dielectric constant of dielectric material is then calculated by

conformal mapping [24]:

ε2 = ε1 +
εeff − [1 + q1(ε1 − 1)]

q2
(3.43)
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Here, ε1 and ε2 are the dielectric constants of wafer and dielectric material, respectively,

q1 and q2 are geometrical factors dependent on the CPW transmission line width, CPW

gap, thickness of wafer and thickness of oxide film. For detailed calculation, readers can

refer to mathematical analysis by Carlsson [24]. In case conductor loss is significant, a

two measurement method is used: first, measure effective dielectric constant of a CPW

with both dielectric layer and wafer (εeff ), then measure that value of an identical

CPW deposited directly on wafer (ε
′
eff ) [30]. The equation for calculating ε2 is now

independent on conductor loss:

ε2 = ε1 +
1 + q1(ε1 − 1)

q2

εeff − ε
′
eff

ε
′
eff

(3.44)

B. Experimental

The process flow to make CPW structures is illustrated in Figure 3.11 and described
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Figure 3.11: Fabrication process to make CPW structures

as follows. In order to perform a two measurement method (Equation 3.44), a high-ρ

Si wafer is cut into halves. One half is cover with 125 nm evaporated Cu, then it is

annealed at 350 ◦C in air for 120 minutes to form CuO (step a). The both halves are
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then evaporated with 300 nm Cu (step b) and then etched to form CPW structures. The

etching process is as follows. First, a lithography process is performed with conventional

S-1813 positive photoresist. A CPW mask from Deokki’s project is reused. After the

photoresist layer is developed (step c), Cu is etched using a base solution. The original

solution is diluted by water: 60 ml of water is added into 10 ml of old etchant to form

70 ml of new, diluted etchant. It is important that the etchant would not etch away the

CuO layer beneath. To make sure this, two test sample are prepared: one with 150 nm

Cu, the other with 188 nm CuO. The two are put into the diluted etchant solution for

50 seconds, the time that is just enough for all Cu layer disappear. While the Cu layer

is etched with the speed of 3 nm/s, the remained CuO layer is 185 nm thick, meaning it

is almost left intact. The etching is then performed on the Cu layer on two wafer halves.

The Cu layer is observed during etching and the etching process is stop immediately

after all Cu layer disappears to prevent etching of CuO layer underneath. Finally, the

photoresist layers are stripped (step d).

The CPWs are then measured at Kongsberg Norspace with help from PhD Deokki Min.

One parameter important for measuring effective dielectric constant of CPW is its length

l (Equation 3.42). The CPW length l is measured by using the optical microscope

LeicaDM4000M . First, the microscope is calibrated with a standard sample having

known length. The CPWs are then captured using 200x magnification; since their

lengths are in several millimeters range, capturing a whole CPW would requires several

tens of images. These images are then combined manually into a large image of the

whole CPW. Basing on the pixel/meter ratio obtained from the optical microscope, the

exact length of CPW can be found.

3.3.4 Measurement of dielectric strength of Copper (II) Oxide thin

film

The dielectric strength, which is the maximum electric field strength that it can with-

stand without breaking down, is an important parameter for dielectric material used

in capacitive MEMS switches. A high-k dielectric material would be useless unless its

dielectric strength is large enough to resist the actuation voltage. To the best of the

author knowledge, the dielectric strength of thermally oxidized CuO has not yet been

reported in literature. This value is investigated in this thesis to evaluate the possibility

of utilizing CuO as dielectric material for high isolation RF MEMS switch.

To measure the dielectric strength of CuO, metal-oxide-metal capacitors are made. Fig-

ure 3.12 illustrates cross section of a MIM capacitor and how electrical source meter is

connected.

The detailed fabrication process of MIM capacitor is as follows. A stack of Cr/Cu/Cr
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Figure 3.12: MIM structure and electrical setting for measuring dielectric strength
of CuO

(25 nm/300 nm/35 nm) is evaporated on a SiO2/Si silicon substrate as the bottom pad

for MIM capacitor. The purpose of SiO2 is to minimize leakage current into Si wafer.

The bottom Cr layer is for adhesion promotion and the top Cr layer is for both adhesion

and diffusion barrier. A layer of 125 nm copper is evaporated on top of the bottom

pad and is then thermally oxidized at 350 ◦C in air for 120 minutes to form CuO. The

thickness of oxide film is confirm by the profilometer to be 300 nm. The substrate is

then covered with a shadow mask, a thin aluminium sheet with small drilled holes, and

put into evaporator to pattern small, circle top pads for MIM capacitors. The thickness

of top pads is 500 nm. The diffusion of oxygen in CuO into the Cu top pad is not

considerable since there is very low substrate heating in thermal evaporation [31, p. 138]

and the MIM capacitors are measured after fabrication. The measurement is performed

using Keithley 2602 SourceMeter as illustrated in Figure 3.12. A voltage is applied be-

tween the top and bottom pad of MIM capacitor through two needles loaded on a probe

station. The needle tip on the top pad is made flat so as it would not penetrate into the

top pad and oxide layer. The voltage is swept from zero with the resolution of 0.1 V ,

the measured current is read 15 seconds after applying a voltage value.
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Results

4.1 Electromechanical analysis and simulation of

RF MEMS switch

4.1.1 Fringing field effect

As can be seen in Equation 3.2, the total capacitance is always large than the parallel-

plate capacitance due to the added fringing capacitance, which is dependent on the

bridge thickness and the air gap. Figure 4.1 shows the relative value C/Cpp as a function

of bridge thickness and Figure 4.2 shows the relative value C/Cpp as a function of air

gap. On both figures, the simulation and analysis results are presented; when changing

the air gap, the bridge thickness is kept at 1 µm and when changing the bridge thickness,

the air gap is kept at 1 µm.

The relative force F/Fpp is shown in Figure 4.3 as a function of bridge thickness and in

Figure 4.4 as a function of air gap. On both figures, the simulation and analysis results

are presented; when changing the air gap, the bridge thickness is kept at 1 µm and when

changing the bridge thickness, the air gap is kept at 1 µm.

39
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Figure 4.1: Relative capacitance as a function of bridge thickness
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Figure 4.2: Relative capacitance as a function of air gap
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Figure 4.3: Relative force as a function of bridge thickness
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Figure 4.4: Relative force as a function of air gap

4.1.2 Derivation of spring constant component due to bending

A Matlab program is written to implement the procedure described in Section 3.1.2, the

code is presented in Appendix A.1. With the polynomial P obtained from the program,
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the deflection w of the bridge can be calculated at a certain point. For example, the

deflection of a switch having l = 280 µm, b = 80 µm, t = 1 µm, g = 2 µm, W =

100 µm, under a pressure q = 380 N/m at the central area of b×W (corresponding to

an actuation voltage of 12 V ) is plotted as a function of coordinate X, Y in Figure 4.5.

140

Figure 4.5: Deflection w plotted as a function of coordinate X, Y in pure bending

The deflection at the central point of the bridge can now be expressed as a function of

mechanical parameters, bridge dimensions and a constant Cb:

P (0, 0) = Cb ×
24
(
1− ν2

)
ql4

Et4
(4.1)

Here, Cb is a constant dependent on the Poisson ratio, ν, and the ratios b/l, W/l. Table

4.1 lists values of Cb with various parameter combinations. Knowing Cb, the spring

constant of the bridge can be found:

kb =
qbW

tP (0, 0)
=

1

Cb
× EbWt3

24 (1− ν2) l4
(4.2)
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Table 4.1: Values of Cb with various parameter combination

ν b
l

W
l Cb Relative error

0.44 (Gold) 40
280

100
280 9.59× 10−4 0.14%

0.44 (Gold) 60
280

100
280 9.31× 10−4 0.14%

0.44 (Gold) 80
280

100
280 9.08× 10−4 0.11%

0.44 (Gold) 80
280

80
280 7.54× 10−4 0.17%

0.44 (Gold) 80
280

60
280 5.82× 10−4 0.19%

4.1.3 Derivation of spring constant component due to stretching

With the procedure described in Subsection 3.1.3, a Matlab program is developed to

calculate the polynomial approximation of displacement u, v and deflection w of the

bridge (see Appendix A.2). The deflection at the central point can be expressed as a

function of the load q, material properties E, ν, the length l and the thickness t of the

bridge:

R(0, 0) = Cs ×
3

√
2(1− ν2)ql

Et
(4.3)

Here, Cs is a constant dependent on the Poisson ratio, ν, and the ratios b/l, W/l. Table

4.2 lists values of Cs with various parameter combinations.

Knowing Cs, the spring constant due to stretching of the bridge can be found:

ks =
qWb

[tR(0, 0)]3
=

1

C3
s

× EbtW

2(1− ν2)l4
(4.4)
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Table 4.2: Values of Cswith various parameter combination

ν b
l

W
l Cs Relative error

0.44 (Gold) 60
280

100
280 0.269 1.3%

0.44 (Gold) 80
280

100
280 0.269 1.1%

0.44 (Gold) 80
280

80
280 0.253 1.6%

0.44 (Gold) 80
280

60
280 0.233 1.8%

4.1.4 Derivation of spring constant component due to residual stress

A Matlab program is written to implement the procedure described in Subsection 3.1.4,

which can be found in Appendix A.3. The deflection at the central point can be expressed

as a function of the load q, residual stress T0, the length l and the thickness t of the

bridge

R(0, 0) = Cr ×
ql

tT0
(4.5)

where Cr is a constant dependent on the ratios b/l, W/l. Table 4.3 lists values of Cr

with various parameter combinations.

Knowing Cr, the spring constant due to axial residual stress can be found:

kr =
1

Cr
× T0bWt

l2
(4.6)
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Table 4.3: Values of Crwith various parameter combination

ν b
l

W
l Cr Relative error

0.44 (Gold) 40
280

100
280 7.33× 10−2 0.04%

0.44 (Gold) 60
280

100
280 7.33× 10−2 0.04%

0.44 (Gold) 80
280

100
280 7.33× 10−2 0.04%

0.44 (Gold) 80
280

80
280 6.12× 10−2 0.004%

0.44 (Gold) 80
280

60
280 4.78× 10−2 0.06%

4.1.5 Electromechanical analysis of RF MEMS switch

Applying Equation 3.4, 4.2, 3.10, 4.4, 3.24, 4.6 and using values in Table 3.1, 4.1, 4.2,

4.3, the spring constant components due to bending, stretching and residual stress using

both 1D analysis and 2D analysis are shown in Table 4.4. The values for perforated

bridge are also presented.

The equation of static balanced forces, Equation 3.30, can now be solved using the table

of spring constant components, Table 4.4, together with the fringing field effect shown

in Figure 4.3 and Figure 4.4. Figure 4.6 shows deflection-voltage curve for a switch of

dimensions: l × b× t = 280µm× 80µm× 1µm, bottom electrode width of W = 100µm

and air gap of g = 2µm. The analysis result when neglecting stretching effect are also

included for comparison. As can be seen on the figure, the pull-in voltage in simulation,

2D analysis, 1D analysis and 2D analysis, neglecting stretching are 15.6V, 15.3V, 14.8V

and 13.3V respectively.
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Table 4.4: Spring constant components with various parameter combinations (the
italic, underlined row corresponds to the perforated bridge)

b (µm) W (µm) t (µm) kb_1D (N/m) kb_2D (N/m) ks_1D (N/m
3
) ks_2D (N/m

3
) kr_1D (N/m) kr_2D (N/m)

40 100 0.25 0.04 0.04 3.88E+11 3.63E+11 3.22 3.22

40 100 0.50 0.28 0.31 7.77E+11 7.26E+11 6.43 6.44

40 100 1.00 2.28 2.45 1.55E+12 1.45E+12 12.87 12.88

40 100 2.00 18.24 19.64 3.11E+12 2.90E+12 25.74 25.75

60 100 0.25 0.05 0.06 5.82E+11 5.44E+11 4.83 4.83

60 100 0.50 0.43 0.47 1.16E+12 1.09E+12 9.65 9.66

60 100 1.00 3.42 3.79 2.33E+12 2.18E+12 19.30 19.32

60 100 2.00 27.36 30.34 4.66E+12 4.35E+12 38.61 38.63

80 100 0.25 0.07 0.08 7.77E+11 7.26E+11 6.43 6.44

80 100 0.50 0.57 0.65 1.55E+12 1.45E+12 12.87 12.88

80 100 1.00 4.56 5.18 3.11E+12 2.90E+12 25.74 25.75

80 100 1.00 3.47 3.82 2.36E+12 2.19E+12 17.50 17.51

80 100 2.00 36.47 41.48 6.21E+12 5.80E+12 51.48 51.51

80 80 0.25 0.07 0.08 7.77E+11 6.98E+11 6.17 6.17

80 80 0.50 0.55 0.62 1.55E+12 1.40E+12 12.33 12.34

80 80 1.00 4.39 4.99 3.11E+12 2.79E+12 24.67 24.68

80 80 2.00 35.11 39.96 6.21E+12 5.58E+12 49.33 49.35

80 60 0.25 0.07 0.08 7.77E+11 6.70E+11 5.92 5.92

80 60 0.50 0.53 0.61 1.55E+12 1.34E+12 11.84 11.85

80 60 1.00 4.26 4.85 3.11E+12 2.68E+12 23.68 23.70

80 60 2.00 34.05 38.83 6.21E+12 5.36E+12 47.36 47.39

Figure 4.6: Deflection-voltage curve, given l × b × t = 280µm × 80µm × 1µm, W =
100µm and g = 2µm
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4.1.6 Electromechanical simulation of RF MEMS switch

A. Stationary simulation

In stationary simulation, various values of bridge thickness, air gap and residual tress

are studied. The deflection - actuation voltage curve and the pull in voltage are shown

in Figure 4.7, Figure 4.8 and Figure 4.9, where in Figure 4.7 the air gap is kept at 2 µm

while changing the bridge thickness, in Figure 4.8 the bridge thickness is kept at 2 µm

while changing the air gap and in Figure 4.9, the bridge thickness and the air gap are

kept at 1µm and 2µm respectively while the residual stress is varied.

0 5 10 15 20 25 30 35 40
−2.0

−1.5

−1.0

−0.5

0

Actuation Voltage (V)

Deflection (µm)

 

 

g=2µm, t=2µm

g=2µm, t=1µm

g=2µm, t=0.5µm

Figure 4.7: Deflection-voltage curve with varied bridge thickness
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Figure 4.8: Deflection-voltage curve with varied air gap
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Figure 4.9: Deflection-voltage curve with varied axial residual stress

B. Dynamic simulation

The switching time in vacuum and in air are tabulated in Table 4.5, with various com-

bination of bridge thickness, air gap and actuation voltage. The table is divided into

four groups where only one parameter is changed in each group.



Chapter 4. Results 49

Table 4.5: Switching time of various switches in vaccum and in air

Thickness (μm) Gap (μm) Vact/Vpull-in Hole tvacuum (μs) tair (μs)

0.5 2 1.2 No 17.8 459.7

1 2 1.2 No 7.0 96.0

2 2 1.2 No 8.1 15.2

2 0.5 1.2 No 8.4 502.6

2 1 1.2 No 8.3 89.4

2 2 1.2 No 8.1 15.2

2 2 1 No 11.6 67.7

2 2 1.2 No 8.1 15.2

2 2 1.5 No 5.8 8.4

1 2 1.2 No 7.0 96.0

1 2 1.2 Yes 8.3 8.3

4.2 Electromagnetic analysis and simulation of RF MEMS

switch

The insertion loss of a switch in up-state is shown in Figure 4.10. The switch here has

dimensions of l× b× t = 280µm× 80µm× 2µm, bottom electrode width of W = 100µm

and dielectric layer of td = 0.5µm. Since in up-state, the switch can be model as

as a shunt capacitance to the ground [11, p. 90], the conductor loss of gold and the

conductivity of CuO is neglected in this simulation.

Figure 4.11 shows the isolation of switches having different CuO thicknesses, from 0.2 µm

to 0.3 µm.

10 15 20 25 30 35 40
−0.02

−0.015

−0.01

−0.005

0

Frequency (GHz)

Insertion loss (dB)

Figure 4.10: Insertion loss of a switch in up-state. The switches has dimensions:
l × b× t = 280µm× 80µm× 2µm, W = 100µm and td = 0.5µm
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Figure 4.11: Isolation up switches in down-state, as a function of CuO dielectric
thickness

4.3 Deposition and characterization of Copper(II) oxide

4.3.1 Deposition of Copper (II) Oxide

The surface of oxidized copper films captured by optical microscope are shown in Figure

4.12, together with the experimental conditions.

We calculate the expansion ratio by measuring the sample annealed at 500 ◦C in 30

minutes since copper is totally oxidized on this sample. The explanation for this will

be discussed later in Subsection 5.3.1. The oxide thickness is 730 nm, as measured by

stylus profilometer; the expansion ratio is 2.4. Therefore, in order to deposit 300 nm

CuO other samples are prepared with the pure copper layer of 125 nm. Figure 4.13 shows

the scanned surface of Cu film and CuO film after being annealed for 120 minutes. The

average step height is 128 nm and 315 nm for Cu film and CuO film, respectively. The

average step height after re-anealing for 60 minutes is 316 nm.

To compare the surface of films annealed with and without air, Figure 4.14 shows the

micro image of CuO surface, oxidized at 350 ◦C for 60 minutes in oxygen (left) and in

air (right).

The dendrite structures above CuO surface is scanned and the results are show in Figure

4.15. The height of these structure are around 60 nm
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Figure 4.12: Surfaces of CuO annealed at various conditions

Figure 4.13: Stylus scans on Cu/SiO2 and CuO/SiO2 films

4.3.2 Measurement of dielectric constant of CuO

The CPWs used for RF measurement have transmission line width: S = 90 µm and

CPW gap: W = 70 µm. The transmission line length of the sample having CuO and

reference sample are 8304 µm and 8331 µm respectively. A small difference in length is

due to the placement of the RF GSG probes: they do not stand exactly at the two ends
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Figure 4.14: Surface of CuO annealed in oxygen and in air, at 350 ◦C for 60 minutes

Figure 4.15: Height measurement of dendrite structure on CuO surface, annealed in
air, at 350 ◦C
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of a CPW. The network analyzer ID is Rohde&Schwarz, ZV A40− 2Port. Calibration

process was done by Deokki, frequency is swept from 100 MHz to 40 GHz with the

step of 50 MHz, measured values are averaged 16 times at each frequency value. The

phase of S21 of the two measured CPWs are shown in Figure 4.16. A Matlab program

is written to calculate dielectric constant of CuO, using the two measurement method.

The calculated dielectric constant is about −20 over a range from 5 GHz to 40 GHz,

which is apparently not correct. The reason for this will be discussed in the Chapter 5.
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Figure 4.16: Phases of S21 of the two measured CPWs (with and without CuO layers)

4.3.3 Measurement of dielectric strength of CuO

The oxide film sandwiched between two metal pads is 300 nm, as can be seen in Figure

4.17.

The I-V curves of four MIM capacitors are shown on Figure 4.18. The breakdown voltage

are 5.5, 5.8, 5.8 and 6.1 respectively. Therefore, the dielectric strength of CuO is from

0.18 MV/cm to 0.20 MV/cm.
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Figure 4.17: Thickness of CuO layer of MIM capacitors
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Figure 4.18: I-V curves measured on four MIM capacitors which have dielectric
thickness of 300 nm and diameters in the 1.1− 1.4 mm range
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Discussion

5.1 Electromechanical analysis and simulation of RF MEMS

switch

5.1.1 Fringing field effect

As can be seen on Figure 4.1 and 4.2, the total capacitance increases slightly with the

bridge thickness and quite significant with the air gap. The parallel-plate capacitance

is a good approximation for the down-state capacitance but not for the up-state one.

For example, for a typical switch having t = 1 µm, g = 2 µm, the total up-state capaci-

tance is about 115% of the parallel-plate approximation. When comparing the analysis

curve and the simulation curve, one can see that the mathematical model for calculating

fringing field capacitance presented in Subsection 3.1.1 overestimates the capacitance

value by about 4% at the typical gap of g = 2 µm. This might be because van de Meijs

and Fokkema’s assumes an infinite ground plane, which is not the case for the bottom

electrode and the bridge and also due to the error of the van de Meijs and Fokkema’s

formula itself, which is reported to be within 2%.

The curves plotted in Figure 4.3 and 4.4 show that the electrical force when considering

fringing effect is not much different from the case when it is neglected, only 3.5% of

relative difference for a typical bridge thickness of 1 µm and air gap of 2 µm.

In conclusion, the fringing field effect can be neglected when calculating electrical force

and down-state capacitance but should be included when considering up-state capaci-

tance.

55
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5.1.2 Derivation of spring constant components

As can be seen in the plot of deflection w in pure bending using 2D analytical model,

Figure 4.5, there is a slight curvature at the middle of the bridge. This is due to the

anticlastic effect in a bended plate: when the plate are bended along x axis, the Possion

effect gives rise to an opposite curvature along y axis. This shows that the 2D analytical

model is able to explore the mechanical properties of the bridge in bending.

The Table of spring constant components, Table 4.4, show good agreement between

results of 1D and 2D analysis. There is around 10% of relative difference between kb 1D

and kb 2D due to consideration of Poisson’s effect in 2D model. For the perforated

bridge, it can be seen that the presence of holes lowers the spring constant components

by around 20 % − 30 %, due to decrement in effective Young’s modulus and release of

residual stress to the holes.

5.1.3 Electromechanical analysis of RF MEMS switch

According to the deflection-voltage curves obtained from simulation, 1D analysis and

2D analysis in Figure 4.6, the 2D analysis can approximate well the deflection of the

switch comparing with simulation, the pull-in voltage is underestimated by only 2 %.

This number for 1D analysis is 5 %. One can also see that neglecting stretching effect

could lead to underestimating the pull-in voltage by 15 % for a typical switch (t =

1 µm, g = 2 mum).

5.1.4 Electromechanical simulation of RF MEMS switch

A. Stationary simulation

The deflection-voltage curves when changing bridge thickness in Figure 4.7 reveal that

the pull-in voltage is lower for thinner bridge, since a thinner bridge is more compliant

than a thicker one. One can also see that a thin bridge would snap down at a deflection

large than g/3 due to stretching. When the bridge thickness is kep constant (Figure

4.8), the smaller air gap, the lower pull-in voltage is. This is because the electrostatic

force increases when decreasing the air gap.

It is seen in Figure 4.9 that the pull-in voltage is strongly dependent on the residual

stress in several tens MPa range. For example, with a typical switch (t = 1 µm, g =

2 mum), a stress of 20 MPa would double the pull-in voltage. Residual stress is rather

difficult to control in fabrication of RF MEMS switch. It is a process-dependent param-

eter and may range from a low compressive stress [3] to a tensile stress of 10-40 MPa

[11]. Deokki has also encountered residual stress during making his switches [10]. It
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is reported that the fabricated switches are bended down at the center while the pull-

in voltage is significantly increased. This may be because of both stress gradient and

residual stress: stress gradient would cause deflection at the center while tensile residual

stress is the reason why pull-in voltage is higher than expected.

5.2 Electromagnetic analysis and simulation of RF MEMS

switch

Figure 4.10 shows that the insertion loss of the simulated switch is satisfied the condition

for a well-design switch which requires that the insertion loss should be less than (in

magnitude) -0.1 dB. The simulated dielectric thickness here is 0.5 µm; however, since

up-state capacitance is nearly independent on the dielectric thickness, this result can be

applied for a thinner dielectric layer as well.

In Figure 4.11, one can see that the isolation of the simulated switches also satisfies the

posed condition for a well-designed switch: isolation is at least −20 dB in the targeted

range (Ka band, from 27.5 to 40 GHz). It should be noted that the results obtained

here are applied for ideal conditions; in real situation, more conditions should be taken

into account. For example, the roughness of the CuO layer could significantly lower the

down-state capacitance and thus, considerably degrade the “nice” isolation simulated

above.

5.3 Deposition and characterization of Copper (II) Oxide

5.3.1 Deposition of Copper (II) Oxide

Figure 4.12 shows that on CuO surface, besides the smooth regions, there appear den-

drite structures that grow above the smooth regions. This can be explained by the

grained nature of CuO. As has been discussed by [25], at 250 ◦C CuO begins to nucleate

and the crystalline size increases with temperature. The increment in grain size and

crystallization leads to compressive stress in the oxide film, creating the dendrite struc-

tures that emerge on top of the film. At 450 ◦C, these structure grows bigger and covers

a large surface. At 500 ◦C, the surface is rough, delaminated and lots of cracks and

damages appear. This shows that the metal film has been totally oxidized and stress at

the interface CuO/Cr makes the film loses adhesion and peels off.

Figure 4.13 confirms the expansion ratio of 2.4 calculated before. It can be seen that the

oxide surface is much rougher than the metal surface due to stress and crystallization.

The temperature of 350 ◦C is the optimized value since as discussed above, the lower
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temperature, the lower film stress is and 350 ◦C is a “safe lower bound” to get rid of

Cu2O [29] [25]. The appropriate annealing time is 120 minutes since re-annealing for

one hour would increase the film thickness of only 1 nm, which could be resulted by the

measurement noise.

From Figure 4.14, one can see that the oxide surfaces are identical in both cases, meaning

that oxygen flow would contribute little effect on annealing process. This confirm that

fact that oxygen concentration in atmospheric pressure is abundant for oxidation reac-

tion to happen. Figure 4.15 shows that besides surface roughness, the dendrite structure

of height about 60 nm could also hinder the possibility of utilizing CuO as a dielectric

material for capacitive RF MEMS switch.

5.3.2 Measurement of dielectric constant of CuO

There are several possible reasons for the wrong value of CuO (around -20). First, as

can be seen on Figure 5.1, when the GSG probe is pressed on an end of the CPW on

CuO to obtain good contact, the copper layer is peeled off and also, the CuO layer is

damaged, causing contact between the probe and underneath Si wafer. This fact show

that the adhesion between Cu/CuO and CuO/Si interfaces are not good. This may be

due to the stress caused by crystallization of CuO as discussed before and also due to

the surface roughness, the dendrite structures on CuO. The second reason, which is less

likely to happen, is error in measuring transmission line length. For the designed CPW

dimensions, a change in transmission line length of about 1 % could lead to a change in

dielectric constant value from −20 to 12, which is rather significant. This problem can

be solved by changing the dimensions of CPW: the transmission line length and width,

the CPW gap and thickness of the dielectric layer.

5.3.3 Measurement of dielectric strength of CuO

It can be seen from the I-V curves in Figure 4.18 that CuO is a semiconductor, with

the resistivity of about 11 kΩcm at 4 V . This fact on one hand may increase loss due

to resistive heating which is unwanted but on the other hand, as Prof. Ulrik Hanke

suggests, could help solve the charging problem usually encountered in dielectrics, such

as SiO2. In these materials, the trapped charges inside dielectrics could increase the pull-

in voltage or make MEMS switches lie permanently on dielectric layer. If the dielectric

can conduct a little current, like CuO, the trapped charges can follow the current and

be released. The low dielectric strength of thermal oxidized CuO (0.2 MV/cm) could

hinder the possibility of using it as a dielectric material for MEMS switch. However,
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Figure 5.1: One end of the CPW on CuO

this problem can be solved by decreasing the stiffness of switch bridge or decreasing the

air gap, as discussed in Subsection 5.1.4, so as to lower the required actuation voltage.
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Conclusion

6.1 Designing of RF MEMS switch using CuO dielectric

Now at this point we can look back to our results to discuss a possible design of a CuO

switch. Since CuO has a high-k value, it is easy for the switch to possess a high isolation

value. However, the difficulty lies in the small dielectric strength of CuO. With a 300 nm

thick CuO layer, we may decide the pull-in voltage of 5V (and should not more than

that value). Since the high capacitance ratio is desirable, it is better to design a large

air gap. Thus the thickness of the switch bridge should be small to have a low actuation

voltage. For a gold bridge, we could choose the gap to be 2 µm and the bridge thickness

to be around 0.4 µm to have a relatively low spring constant. All other dimensions can

be kept the same as in Deokki design.

However, these calculation are for a stress-free bridge. In cases where residual stress is

significant, the pull-in voltage may now increase to 10−20V , which is quite large for the

annealed CuO layer to withstand. Therefore, in order to still use CuO as a dielectric

layer, more investigation should be pay on the process parameter, so as to reduce the

residual stress to a very low value.

6.2 Contributions

Through this work, there are two main contributions which have been made. Firstly, in

theoretical work, a new, 2D mathematical model has been developed to study mechanical

deflection and spring constants of the bridge. The 2D analysis can give more precise

results than the traditional 1D analysis. Also, a full simulation frame work for RF MEMS

switch has been built, makes it possible to study RF MEMS switch in electromechanics

and electromagnetism.

60
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Secondly, in experimental work, the dielectric strength of thermally oxidized CuO has

been found to be 0.2 MV/cm, which is quite small comparing with traditional dielectric

material like silicon oxide or nitride. Investigation on surface of annealed CuO shows

that the dendrite structures due to crystallization of CuO are difficult to avoided at

almost all annealing temperatures.

6.3 Future work

So far in this thesis, physical techniques are dominantly used to deposit and characterize

the CuO film. To make sure that the metal film is totally oxidized, a trial-and-error

process with annealing time is presented where the thickness expansion is used to draw

conclusion. We assumed that when oxygen atoms is inserted into metal film, they would

enlarge the thickness of the film and when there is no more change in thickness, the film

has been totally oxidized. This trial-and-error process can be replaced by a chemical

analysis like XRD to better determine the stoichiometry of the film.

Beside CuO, as can be seen in the Table 3.4, some other metal oxides, such as Ta2O5,

are also possible candidates for the dielectric material of RF MEMS switches. The most

important factor that should be considered is their dielectric strength, since a large

dielectric strength could give more flexibility and ease in designing the switch.

The simulation part in this thesis can be reuse for further study. One possible future

work could be studying the packaging of RF MEMS switches, where a package can be

applied outside the model built in this thesis. Various parameters, like isolation of RF

MEMS switches, can now be compared between the two cases: with and without the

package.
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Matlab code

A.1 Matlab code to find approximate solution for deflec-

tion of a fixed-fixed plate in bending

1 %This file is writen by Bao Dang Ho to use in his master thesis

2

3 syms x y a f R P F I l G q0 W P0 z Z

4 %nu is the poisson ratio of gold

5 nu = 0.44;

6 b = 80/280;

7 W = 100/280;

8 syms bc1 bc2 bc3 bc4 bc5 bc6 bc7 bc8

9 m = 28;

10

11 %coefficient matrix of the polynomial

12 a = sym('a', [m+1 m+1]);

13 %coefficient matrix of the polynomial after solving the boundary conditions

14 c = sym('c', [m+1 m+1]);

15 %variational variables

16 Z = sym('z', [1 m*(m -10)/8]);

17 tic

18

19 % STEP 1: EXPRESSING THE DEFLECTION SURFACE AS A POLYNOMIAL

20

21 %f is the polynomial

22 f = 0;

23 for j=1:m+1

24 for i=1:m+2-j

25 if mod(j ,2)==1 && mod(i ,2)==1

26 f = f + x^(i-1)*y^(j-1)*a(i,j);

27 end

28 end

29 end

30

62



Appendix A. Matlab code 63

31 %{

32 STEP 2: FIND RELATIONSHIP BETWEEN COEFFICIENTS SO THAT THE POLYNOMIAL SATISFY 8

33 BOUNDARY CONDITIONS AT 4 BOUNDARIES.

34 %}

35 %boundary condition at x=-0.5

36 bc1 = subs(f, x, -0.5);

37 bc2 = subs(diff(f, x),x,-0.5);

38 %boundary condition at x=0.5

39 bc3 = subs(f, x, 0.5);

40 bc4 = subs(diff(f, x),x,0.5);

41 %boundary condition at y=-b/2

42 bc5 = subs(diff(f,y,2)+nu*diff(f,x,2), y, -b/2);

43 bc6 = subs(diff(f,y,3)+(2 -nu)*diff(diff(f,x,2),y), y, -b/2);

44 %boundary condition at y=b/2

45 bc7 = subs(diff(f,y,2)+nu*diff(f,x,2), y, b/2);

46 bc8 = subs(diff(f,y,3)+(2 -nu)*diff(diff(f,x,2),y), y, b/2);

47

48 equ='';

49 %equations for boundary condition 1

50 [A,Y]= coeffs(bc1 ,y);

51 for i=1: size(A,2)

52 equ=strcat(equ , char(A(i)), ',');

53 end

54 %equations for boundary condition 2

55 [A,Y]= coeffs(bc2 ,y);

56 for i=1: size(A,2)

57 equ=strcat(equ , char(A(i)), ',');

58 end

59 %equations for boundary condition 3

60 [A,Y]= coeffs(bc3 ,y);

61 for i=1: size(A,2)

62 equ=strcat(equ , char(A(i)), ',');

63 end

64 %equations for boundary condition 4

65 [A,Y]= coeffs(bc4 ,y);

66 for i=1: size(A,2)

67 equ=strcat(equ , char(A(i)), ',');

68 end

69 %equations for boundary condition 5

70 [A,X]= coeffs(bc5 ,x);

71 for i=1: size(A,2)

72 equ=strcat(equ , char(A(i)), ',');

73 end

74 %equations for boundary condition 6

75 [A,X]= coeffs(bc6 ,x);

76 for i=1: size(A,2)

77 equ=strcat(equ , char(A(i)), ',');

78 end

79 %equations for boundary condition 7

80 [A,X]= coeffs(bc7 ,x);

81 for i=1: size(A,2)

82 equ=strcat(equ , char(A(i)), ',');

83 end

84 %equations for boundary condition 8

85 [A,X]= coeffs(bc8 ,x);
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86 for i=1: size(A,2)

87 equ=strcat(equ , char(A(i)));

88 if (i~=size(A,2))

89 equ=strcat(equ , ',');

90 end

91 end

92 var ='';

93 %variable list

94 for i=1:m+1

95 for j=1:m+2-i

96 if mod(j ,2)==1 && mod(i ,2)==1

97 var=strcat(var , char(a(i,j)));

98 if i==m+1 && j==1

99 continue;

100 end

101 var=strcat(var , ',');

102 end

103 end

104 end

105 S=solve(equ ,var)

106 s='';

107 %P is the trial polynomial

108 P = 0;

109 for i=1:m+1

110 for j=1:m+2-i

111 if mod(j ,2)==1 && mod(i ,2)==1

112 s = char(a(i,j));

113 P = P + S.(s)*x^(i-1)*y^(j-1);

114 end

115 end

116 end

117 %{

118 STEP 3: SOLVE THE VARIATIONAL COEFFICENTS USING THE PRINCIPLE OF

119 MINIMUM POTENTIAL ENERGY

120 %}

121 parametrizedVariables = symvar(P);

122 oldVariableList = '';

123 newVariableList = '';

124 for i=1:m*(m -10)/8+1

125 s=strcat('z',num2str(i));

126 oldVariableList = strcat (oldVariableList , char(parametrizedVariables(i+2)));

127 newVariableList = strcat (newVariableList , s);

128 if i~=m*(m -10)/8+1

129 oldVariableList = strcat(oldVariableList ,',');

130 newVariableList = strcat(newVariableList ,',');

131 end

132 end

133 oldVariableList = strcat('{',oldVariableList ,'}');

134 newVariableList = strcat('{',newVariableList ,'}');

135 P = subs (P, oldVariableList , newVariableList );

136 P = vpa(P,32);

137 %F is the term representing the density of elastic potential energy

138 F = (diff(P,x,2)+ diff(P,y,2))^2 -2*(1 -nu)*( diff(P,x,2)* diff(P,y,2)-( diff(diff(P,x),y))^2);

139 %G is the term representing the density of force potential energy

140 G = -P*q0;
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141 % F=vpa(F,5);

142 % G=vpa(G,5);

143 I = int(int(F,x,-0.5 ,0.5),y,-b/2,b/2)+ int(int(G,x,-0.5*W,0.5*W),y,-b/2,b/2);

144

145 strDiff = '';

146 strZ = '';

147 strS = '';

148 for i=1:m*(m -10)/8+1

149 s=strcat('z',num2str(i));

150 strDiff=strcat(strDiff ,char(diff(I,s)));

151 strZ =strcat(strZ ,s);

152 strS =strcat(strS ,'S.',s);

153 if i~=m*(m -10)/8+1

154 strDiff=strcat(strDiff ,',');

155 strZ =strcat(strZ ,',');

156 strS =strcat(strS ,',');

157 end

158 end

159 S = solve(strDiff , strZ);

160 for i=1:m*(m -10)/8+1

161 s = strcat('z',num2str(i));s

162 P=subs(P,sym(s),S.(s));

163 end

164 P0 = subs(P,{x,y},{0,0})

165 coef = subs(P0 ,q0 ,1)

166 toc

A.2 Matlab code to find approximate solution for deflec-

tion of a fixed-fixed membrane in stretching

1 %This file is writen by Bao Dang Ho to use in his master thesis

2

3 syms x y a b c A B C ex ey exy V P Q R F G

4 syms I J l G q0 P0 z Z

5 %nu is the poisson ratio of gold

6 nu = 0.44;

7 %depth (width) of the membrane

8 d = 80/280;

9 W = 100/280;

10 syms bc1 bc2 bc3 bc4 bc5 bc6

11 m = 8;

12

13 %coefficient matrix of the polynomial P for u

14 a = sym('a', [m+1 m+1]);

15 %coefficient matrix of the polynomial Q for v

16 b = sym('b', [m+1 m+1]);

17 %coefficient matrix of the polynomial R for w

18 c = sym('c', [m+1 m+1]);

19 N = m*(3*m -2)/8; %number of coefficents to solve by principle of minimum

20 %potential energy
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21 tic

22

23 % STEP 1: EXPRESSING u, v, w AS POLYNOMIALS

24

25 %P is the trial polynomial for u

26 P = 0;

27 for j=1:m+1

28 for i=1:m+2-j

29 if mod(i ,2)==0 && mod(j ,2)==1

30 P = P + x^(i-1)*y^(j-1)*a(i,j);

31 end

32 end

33 end

34

35 %Q is the trial polynomial for u

36 Q = 0;

37 for j=1:m+1

38 for i=1:m+2-j

39 if mod(i ,2)==1 && mod(j ,2)==0

40 Q = Q + x^(i-1)*y^(j-1)*b(i,j);

41 end

42 end

43 end

44

45

46 %R is the trial polynomial for w

47 R = 0;

48 for j=1:m+1

49 for i=1:m+2-j

50 if mod(i ,2)==1 && mod(j ,2)==1

51 R = R + x^(i-1)*y^(j-1)*c(i,j);

52 end

53 end

54 end

55

56 %{

57 STEP 2: FIND RELATIONSHIP BETWEEN COEFFICIENTS SO THAT THE POLYNOMIAL SATISFY 8

58 BOUNDARY CONDITIONS AT 2 BOUNDARIES: x=-0.5 and x=0.5

59 %}

60 %boundary condition for u at x=-0.5

61 bc1 = subs(P, x, -0.5);

62 %boundary condition for v at x=-0.5

63 bc2 = subs(Q, x, -0.5);

64 %boundary condition for w at x=-0.5

65 bc3 = subs(R, x, -0.5);

66 equ='';

67 %equations for boundary condition 1

68 [A,Y]= coeffs(bc1 ,y);

69 for i=1: size(A,2)

70 equ=strcat(equ , char(A(i)), ',');

71 end

72 %equations for boundary condition 3

73 [B,Y]= coeffs(bc2 ,y);

74 for i=1: size(B,2)

75 equ=strcat(equ , char(B(i)), ',');
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76 end

77 %equations for boundary condition 5

78 [C,Y]= coeffs(bc3 ,y);

79 for i=1: size(C,2)

80 equ=strcat(equ , char(C(i)));

81 if (i~=size(C,2))

82 equ=strcat(equ , ',');

83 end

84 end

85

86

87 var ='';

88 %variable list for P

89 for i=1:m+1

90 for j=1:m+2-i

91 if mod(j ,2)==1 && mod(i ,2)==0

92 var=strcat(var , char(a(i,j)), ',');

93 end

94 end

95 end

96 %variable list for Q

97 for i=1:m+1

98 for j=1:m+2-i

99 if mod(j ,2)==0 && mod(i ,2)==1

100 var=strcat(var , char(b(i,j)), ',');

101 end

102 end

103 end

104 %variable list for R

105 for i=1:m+1

106 for j=1:m+2-i

107 if mod(j ,2)==1 && mod(i ,2)==1

108 var=strcat(var , char(c(i,j)));

109 if i==m+1 && j==1

110 continue;

111 end

112 var=strcat(var , ',');

113 end

114 end

115 end

116 S=solve(equ ,var);

117 %P, Q, R will now satisfy boundary conditions

118 s='';

119 P = 0;

120 for i=1:m+1

121 for j=1:m+2-i

122 if mod(j ,2)==1 && mod(i ,2)==0

123 s = char(a(i,j));

124 P = P + S.(s)*x^(i-1)*y^(j-1);

125 end

126 end

127 end

128 Q = 0;

129 for i=1:m+1

130 for j=1:m+2-i
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131 if mod(j ,2)==0 && mod(i ,2)==1

132 s = char(b(i,j));

133 Q = Q + S.(s)*x^(i-1)*y^(j-1);

134 end

135 end

136 end

137 R = 0;

138 for i=1:m+1

139 for j=1:m+2-i

140 if mod(j ,2)==1 && mod(i ,2)==1

141 s = char(c(i,j));

142 R = R + S.(s)*x^(i-1)*y^(j-1);

143 end

144 end

145 end

146 %{

147 STEP 3: SOLVE THE VARIATIONAL COEFFICENTS USING THE PRINCIPLE OF

148 MINIMUM POTENTIAL ENERGY

149 %}

150 %First , replacing variable names generated by Matlab by new names: z1 , z2,

151 %...

152 parametrizedVariables = symvar(P+Q+R);

153 oldVariableList = '';

154 newVariableList = '';

155 for i=1:N

156 s=strcat('z',num2str(i));

157 oldVariableList = strcat (oldVariableList , ...

158 char(parametrizedVariables(i+2)));

159 newVariableList = strcat (newVariableList , s);

160 if i~=N

161 oldVariableList = strcat(oldVariableList ,',');

162 newVariableList = strcat(newVariableList ,',');

163 end

164 end

165 oldVariableList = strcat('{',oldVariableList ,'}');

166 newVariableList = strcat('{',newVariableList ,'}');

167

168 P = subs (P, oldVariableList , newVariableList );

169 Q = subs (Q, oldVariableList , newVariableList );

170 R = subs (R, oldVariableList , newVariableList );

171 %Calculating normal strain and shear strain in x, y direction

172 ex = diff(P,x)+0.5*(diff(R,x))^2;

173 ey = diff(Q,y)+0.5*(diff(R,y))^2;

174 exy = diff(P,y)+diff(Q,x)+diff(R,x)*diff(R,y);

175 % P = vpa(P ,32);

176 %F is the term representing the density of elastic potential energy

177 F = ex^2 + ey^2 + 2*nu*ex*ey + 0.5*(1-nu)*exy ^2;

178 %G is the term representing the density of force potential energy

179 G = -R*q0;

180 % F=vpa(F,5);

181 % G=vpa(G,5);

182 %I is the term representing the total potential energy

183

184 I = int(int(F,x,-0.5 ,0.5),y,-d/2,d/2)+ int(int(G,x,-0.5*W,0.5*W),y,-d/2,d/2);

185 %I = vpa(I,32)
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186 %{

187 Now solve the system of equations of variational variables: dI/dz1 = 0,

188 dI/dz2 = 0, dI/dz3 = 0, ...

189 %}

190 eqnList = cell(1,N);

191 J = subs(I,q0 ,1);

192 for i = 1:N

193 s=strcat('z',num2str(i));

194 eqnList{1,i} = char(diff(J,s));

195 for j = N:-1:1

196 s1=strcat('z',num2str(j));

197 s2=strcat('z','(',num2str(j),')');

198 eqnList{1,i} = strrep(eqnList{1,i},s1 ,s2);

199 end

200 end

201

202 format long e;

203 u0 = ones(1, N); % Make a starting guess at the solution

204 options = optimset('Display ','iter', 'TolX', 1e-30,'TolFun ',1e-30);

205 toc

206 tic

207 f = @(u)systemSolver(u,eqnList ,N);

208 [u,fval] = fsolve(f,u0,options) % Call solver

209 toc

210 tic

211 for i=1:N

212 s = strcat('z',num2str(i));

213 P=subs(P,sym(s),u(i));

214 Q=subs(Q,sym(s),u(i));

215 R=subs(R,sym(s),u(i));

216 end

217 P=P*q0 ^(2/3);

218 Q=Q*q0 ^(2/3);

219 R=R*q0 ^(1/3);

220 R0 = subs(R,{x,y},{0,0});

221 coef = subs(R0 ,q0 ,1)

222

223 toc

A.3 Matlab code to find approximate solution for deflec-

tion of a fixed-fixed plate having residual stress

1 %This file is writen by Bao Dang Ho to use in his master thesis

2

3 syms x y a b c A B C ex ey exy V P Q R F G

4 syms I J l G q0 P0 z Z T0

5 E = 70e9;

6 %nu is the poisson ratio of gold

7 nu = 0.44;

8 %depth (width) of the membrane
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9 % T0 = 20e6*(1-nu^2)/E;

10 d = 80/280;

11 W = 100/280;

12 syms bc1 bc2 bc3 bc4 bc5 bc6

13 for m=4:2:20

14

15 %coefficient matrix of the polynomial P for u

16 a = sym('a', [m+1 m+1]);

17 %coefficient matrix of the polynomial Q for v

18 b = sym('b', [m+1 m+1]);

19 %coefficient matrix of the polynomial R for w

20 c = sym('c', [m+1 m+1]);

21 N = m*(3*m -2)/8; %number of coefficents to solve by principle of minimum

22 %potential energy

23 tic

24

25 % STEP 1: EXPRESSING u, v, w AS POLYNOMIALS

26

27 %P is the trial polynomial for u

28 P = 0;

29 for j=1:m+1

30 for i=1:m+2-j

31 if mod(i ,2)==0 && mod(j ,2)==1

32 P = P + x^(i-1)*y^(j-1)*a(i,j);

33 end

34 end

35 end

36

37 %Q is the trial polynomial for u

38 Q = 0;

39 for j=1:m+1

40 for i=1:m+2-j

41 if mod(i ,2)==1 && mod(j ,2)==0

42 Q = Q + x^(i-1)*y^(j-1)*b(i,j);

43 end

44 end

45 end

46

47

48 %R is the trial polynomial for w

49 R = 0;

50 for j=1:m+1

51 for i=1:m+2-j

52 if mod(i ,2)==1 && mod(j ,2)==1

53 R = R + x^(i-1)*y^(j-1)*c(i,j);

54 end

55 end

56 end

57

58 %{

59 STEP 2: FIND RELATIONSHIP BETWEEN COEFFICIENTS SO THAT THE POLYNOMIALS

60 SATISFY BOUNDARY CONDITIONS AT 2 BOUNDARIES: x=-0.5 and x=0.5

61 %}

62 %boundary condition for u at x=-0.5

63 bc1 = subs(P, x, -0.5);
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64 %boundary condition for v at x=-0.5

65 bc2 = subs(Q, x, -0.5);

66 %boundary condition for w at x=-0.5

67 bc3 = subs(R, x, -0.5);

68 equ='';

69 %equations for boundary condition 1

70 [A,Y]= coeffs(bc1 ,y);

71 for i=1: size(A,2)

72 equ=strcat(equ , char(A(i)), ',');

73 end

74 %equations for boundary condition 3

75 [B,Y]= coeffs(bc2 ,y);

76 for i=1: size(B,2)

77 equ=strcat(equ , char(B(i)), ',');

78 end

79 %equations for boundary condition 5

80 [C,Y]= coeffs(bc3 ,y);

81 for i=1: size(C,2)

82 equ=strcat(equ , char(C(i)));

83 if (i~=size(C,2))

84 equ=strcat(equ , ',');

85 end

86 end

87

88

89 var ='';

90 %variable list for P

91 for i=1:m+1

92 for j=1:m+2-i

93 if mod(j ,2)==1 && mod(i ,2)==0

94 var=strcat(var , char(a(i,j)), ',');

95 end

96 end

97 end

98 %variable list for Q

99 for i=1:m+1

100 for j=1:m+2-i

101 if mod(j ,2)==0 && mod(i ,2)==1

102 var=strcat(var , char(b(i,j)), ',');

103 end

104 end

105 end

106 %variable list for R

107 for i=1:m+1

108 for j=1:m+2-i

109 if mod(j ,2)==1 && mod(i ,2)==1

110 var=strcat(var , char(c(i,j)));

111 if i==m+1 && j==1

112 continue;

113 end

114 var=strcat(var , ',');

115 end

116 end

117 end

118 S=solve(equ ,var);
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119 %P, Q, R will now satisfy boundary conditions

120 s='';

121 P = 0;

122 for i=1:m+1

123 for j=1:m+2-i

124 if mod(j ,2)==1 && mod(i ,2)==0

125 s = char(a(i,j));

126 P = P + S.(s)*x^(i-1)*y^(j-1);

127 end

128 end

129 end

130 Q = 0;

131 for i=1:m+1

132 for j=1:m+2-i

133 if mod(j ,2)==0 && mod(i ,2)==1

134 s = char(b(i,j));

135 Q = Q + S.(s)*x^(i-1)*y^(j-1);

136 end

137 end

138 end

139 R = 0;

140 for i=1:m+1

141 for j=1:m+2-i

142 if mod(j ,2)==1 && mod(i ,2)==1

143 s = char(c(i,j));

144 R = R + S.(s)*x^(i-1)*y^(j-1);

145 end

146 end

147 end

148 %{

149 STEP 3: SOLVE THE VARIATIONAL COEFFICENTS USING THE PRINCIPLE OF

150 MINIMUM POTENTIAL ENERGY

151 %}

152 parametrizedVariables = symvar(P+Q+R);

153 oldVariableList = '';

154 newVariableList = '';

155 for i=1:N

156 s=strcat('z',num2str(i));

157 oldVariableList = strcat (oldVariableList , ...

158 char(parametrizedVariables(i+2)));

159 newVariableList = strcat (newVariableList , s);

160 if i~=N

161 oldVariableList = strcat(oldVariableList ,',');

162 newVariableList = strcat(newVariableList ,',');

163 end

164 end

165 oldVariableList = strcat('{',oldVariableList ,'}');

166 newVariableList = strcat('{',newVariableList ,'}');

167

168 P = subs (P, oldVariableList , newVariableList );

169 Q = subs (Q, oldVariableList , newVariableList );

170 R = subs (R, oldVariableList , newVariableList );

171 %Calculating normal strain and shear strain in x, y direction

172 ex = diff(P,x)+0.5*(diff(R,x))^2;

173 ey = diff(Q,y)+0.5*(diff(R,y))^2;
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174 exy = diff(P,y)+diff(Q,x)+diff(R,x)*diff(R,y);

175 % P = vpa(P ,32);

176 %F is the term representing the density of elastic potential energy

177 F = 0.5*T0*ex;

178 %G is the term representing the density of force potential energy

179 G = -R*q0;

180 % F=vpa(F,5);

181 % G=vpa(G,5);

182 %I is the term representing the total potential energy

183

184 I = int(int(F,x,-0.5 ,0.5),y,-d/2,d/2)+ int(int(G,x,-0.5*W,0.5*W),y,-d/2,d/2);

185 %I = vpa(I,32)

186 %{

187 Now solve the system of equations of variational variables: dI/dz1 = 0,

188 dI/dz2 = 0, dI/dz3 = 0, ...

189 %}

190 A = sym(zeros (N,N));

191 B = sym(zeros (N ,1));

192 J = subs (I, T0, 1);

193 for i = 1:N % N is the number of new coefficients

194 s1 = strcat ( 'z', num2str(i)); %z_i

195 temp = diff(J, s1);

196 for j = 1:N

197 s2 = strcat ( 'z', num2str(j)); %z_j

198 A(i,j) = diff(temp ,s2);

199 end

200 B(i,1) = -diff(temp , q0);

201 end

202 U=A\B;

203 Z = U';

204 %Coefficients {z_i} solved , insert back into P, Q, R

205 for i = 1:N

206 s = strcat('z',num2str(i));

207 P = subs(P,sym(s),Z(i));

208 Q = subs(Q,sym(s),Z(i));

209 R = subs(R,sym(s),Z(i));

210 end

211 P=P*q0/T0;

212 Q=Q*q0/T0;

213 R=R*q0/T0;

214 R0 = subs(R,{x,y},{0,0})

215 coef = subs(R0 ,{q0 ,T0},{1,1})

216

217 toc

218

219 end
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